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RELATIONS BETWEEN DIEUDONNE´ DISPLAYS AND
CRYSTALLINE DIEUDONNE´ THEORY
EIKE LAU
Abstract. We discuss the relation between crystalline Dieudonne´ theory and
Dieudonne´ displays of p-divisible groups. The theory of Dieudonne´ displays is
extended to the prime 2 without restriction, which implies that the classifica-
tion of finite locally free group schemes by Breuil-Kisin modules holds for the
prime 2 as well.
Introduction
Formal p-divisible groups G over a p-adically complete ring R are classified by
Zink’s nilpotent displays [Zi1, La1]. These are projective modules over the ring
of Witt vectors W (R) equipped with a filtration and with certain Frobenius-linear
operators. A central point of the theory is a description of the Dieudonne´ crystal
of G in terms of the nilpotent display associated to G.
Arbitrary p-divisible groups over R can be classified by displays only when R is
a perfect ring. In certain cases, there is the following refinement.
Assume that R is a local Artin ring with perfect residue field k of characteristic
p and with maximal ideal NR. Then W (R) has a unique subring W(R), called here
the Zink ring of R, which is stable under the Frobenius and which sits in an exact
sequence
0→ Wˆ (NR)→W(R)→W (k)→ 0
where Wˆ means Witt vectors with only finitely many non-zero components. Let
us call R odd if p > 2 or if p annihilates R. The Verschiebung homomorphism v
of W (R), which appears in the definition of displays, stabilises the subring W(R)
if and only if R is odd. In this case, Zink [Zi2] defines Dieudonne´ displays over R
as displays with W(R) in place of W (R) and shows that they classify all p-divisible
groups over R.
The restriction for p = 2 can be avoided with a small trick: The ring W(R) is
always stable under the modified Verschiebung v(x) = v(u0x), where u0 ∈ W (R)
is the unit defined by the relation v(u0) = p− [p]. This allows to define Dieudonne´
displays without assuming that R is odd. It turns out that the Zink ring and
Dieudonne´ displays can be defined for the following class of rings R, which we call
admissible: The order of nilpotence of nilpotent elements of R is bounded, and Rred
is a perfect ring of characteristic p.
Theorem A. For each admissible ring R there is a functor
ΦR : (p-divisible groups over R)→ (Dieudonne´ displays over R),
which is an equivalence of exact categories.
The equivalence easily extends to projective limits of admissible rings, which
includes complete local rings with perfect residue field. If R is perfect, the theorem
says that p-divisible groups over R are equivalent to Dieudonne´ modules. This is a
result of Gabber, which is used in the proof. We repeat that for Artin rings (which
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is certainly the case of interest for most applications1), Theorem A is known when
R is odd; in this case ΦR is the inverse of the functor BT of [Zi2] and [La2]. But the
present construction of the functor ΦR based on the crystalline Dieudonne´ module
is new, and also gives the following second result.
Let D(G) denote the covariant Dieudonne´ crystal of a p-divisible group G. Fol-
lowing [Zi3], to a Dieudonne´ display P over an admissible ring R one can associate
a crystal in locally free modules D(P).
Theorem B. For a p-divisible group G over an admissible ring R with associated
Dieudonne´ display P = ΦR(G) there is a natural isomorphism
D(G) ∼= D(P).
This compatibility was not known before and can be useful in applications; see
for example [VW]. Our proofs of Theorems A and B are closely related. The main
point is to construct the functor ΦR and variants of it. Let IR be the kernel of the
natural homomorphism W(R)→ R.
First, if R is an odd admissible ring, the ideal IR carries natural divided powers.
Thus the crystalline Dieudonne´ module of a p-divisible group over R can be eval-
uated at W(R), which gives a filtered F -V -module over W(R). We show that this
construction can be extended to a functor ΦR as in Theorem A. This is not evident
because a filtered F -V -module does not in general determine a Dieudonne´ display.
But the construction of ΦR can be reduced to the case where R is a universal de-
formation ring; then the Dieudonne´ display is determined uniquely because p is not
a zero divisor in W(R).
Next, for a divided power extension of admissible rings S → R one can define
Dieudonne´ displays relative to S → R, called triples in the work of Zink. They are
modules over an extension W(S/R) of W(S). If R is odd and the divided powers
are compatible with the canonical divided powers of p, then the evaluation of the
crystalline Dieudonne´ module at the divided power extension W(S/R)→ R can be
extended to a functor
ΦS/R : (p-divisible groups over R)→ (Dieudonne´ displays for S/R).
Again this is not evident; the proof comes down to the fact that p is not a zero
divisor in the Zink ring of the divided power envelope of the diagonal of the universal
deformation space of a p-divisible group. Once the functors ΦS/R are known to exist,
Theorems A and B for odd admissible rings are straightforward consequences.
Let now R be an admissible ring which is not odd, so p = 2. In this case
the preceding constructions do not apply directly because the ideal IR does not in
general carry divided powers. This changes when W(R) is replaced by the slightly
larger v-stabilised Zink ring W+(R) = W(R)[v(1)]. With an obvious definition of
v-stabilised Dieudonne´ displays we get a functor
Φ+R : (2-div. groups over R)→ (v-stabilised Dieudonne´ displays over R),
which is however not an equivalence. In order to construct a functor ΦR as in
Theorem A we have to descend from W+(R) to W(R). This can be reduced to
the minimal case where 2NR = 0. Then the ideal IR carries exceptional divided
powers, which allows to evaluate the crystalline Dieudonne´ module at W(R). In
order to get the functor ΦR we need some lift towards characteristic zero, which
is provided by the fact that the exceptional divided powers exist on IR/(v([4])) as
soon as 4NR = 0. Once ΦR is known to exist in general, Theorems A and B follow
again quite formally.
1In subsequent work, Dieudonne´ displays over a larger class of base rings will be used to study
the image of the crystalline Dieudonne´ functor over l.c.i. schemes.
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Breuil-Kisin modules. Let now R be a complete regular local ring with perfect
residue field k of characteristic p. Theorem A implies that the classification of p-
divisible groups over R by Breuil windows derived in [VZ] and [La3] for odd p holds
for p = 2 as well. Let us recall what this means: We write R = S/ES where S is
a power series ring over W (k) and where E has constant term p; we also have to
choose an appropriate Frobenius lift σ on S. A Breuil window is a free S-module
Q equipped with an S-linear map φ : Q → Q(σ) whose cokernel is annihilated by
E; this is equivalent to the notion of a Breuil-Kisin module. As usual one also gets
a classification of finite locally free p-group schemes over R.
In the case of discrete valuation rings this completes the proof of a conjecture
of Breuil [Br], which was proved by Kisin in [Ki1] if p is odd, and in [Ki2] for
connected p-divisible groups if p = 2.x Shortly after the first version of this article
was posted, independent proofs of Breuil’s conjecture by W. Kim [Kim] and T. Liu
[Liu] appeared online.
Assume that R has characteristic zero, and let S be the p-adic completion of
the divided power envelope of the ideal ES ⊂ S. As a consequence of Theorem B
we show that for a p-divisible group over R the value of its crystalline Dieudonne´
module at S coincides with the base change of its Breuil window under σ : S→ S.
The functor BT . The original proof of Theorem A for odd local Artin rings in [Zi2]
depends on the construction of a functor BT from Dieudonne´ displays to p-divisible
groups, which is a combination of the functor BT from nilpotent displays to formal
p-divisible groups and a calculation of extensions. A modified construction of this
functor was given in [La2]. Once the definition of Dieudonne´ displays for non-odd
local Artin rings is available, all these arguments can be carried over almost literally
to give an alternative proof of Theorem A in that case. In the present approach
this construction serves only as an explicit description of the inverse of the functor
ΦR; this is used in [La5].
All rings are commutative with a unit unless the contrary is stated. For a p-
divisible group G we denote by D(G) the covariant Dieudonne´ crystal.
The author thanks Xavier Caruso, Tyler Lawson, and Thomas Zink for interest-
ing and helpful conversations, and the anonymous referee for a very careful reading
of the manuscript.
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1. The Zink ring
In this section we study the Zink ring W(R), which is introduced in [Zi2] under
the notation Wˆ (R), and variants ofW(R) in the presence of divided powers, follow-
ing [Zi3]. The definitions are stated in more generality, allowing arbitrary perfect
rings instead of perfect fields. The modified Verschiebung v for p = 2 is new.
1.1. Preliminaries. We fix a prime p. A commutative ring without unit N is
called bounded nilpotent if there is a number n such that xn = 0 for every x ∈ N .
We will consider the following type of base rings.
Definition 1.1. A ring R is called admissible if its nilradical NR is bounded nilpo-
tent and if Rred = R/NR is a perfect ring of characteristic p.
Local Artin rings with perfect residue field are admissible. The ring OCp/p is
not admissible. We will also consider projective limits of admissible rings:
Definition 1.2. An admissible topological ring is a complete and separated topo-
logical ring R with linear topology such that the ideal NR of topologically nilpotent
elements is open, the ring Rred = R/NR is perfect of characteristic p, and for each
open ideal N of R contained in NR the quotient NR/N is bounded nilpotent. Thus
R is the projective limit of the admissible rings R/N .
Examples of admissible topological rings are complete local rings with perfect
residue field. Admissible topological rings in whichNR is not topologically nilpotent
arise from divided power envelopes; see Lemma 1.13.
Notation 1.3. For a commutative, not necessarily unitary ring A let W (A) be
the ring of p-typical Witt vectors of A. We write f and v for the Frobenius and
Verschiebung of W (A). Let IA = v(W (A)), let wi : W (A) → A be given by the
i-th Witt polynomial, and let Wˆ (A) be the group of all elements of W (A) with
nilpotent coefficients which are almost all zero.
Let us recall two well-known facts.
Lemma 1.4. Let A be a perfect ring of characteristic p and let B be a ring with
a bounded nilpotent ideal J ⊆ B. Every ring homomorphism A → B/J lifts to a
unique ring homomorphism W (A)→ B.
Proof. See [Gr, Chap. IV, Prop. 4.3], where the ideal J is assumed nilpotent, but
the proof applies here as well. 
Lemma 1.5 ([Zi3, Lemma 2.2]). Let N be a non-unitary ring which is bounded
nilpotent and annihilated by a power of p. Then W (N) is bounded nilpotent and
annihilated by a power of p. 
1.2. The Zink ring. Let R be an admissible ring. By Lemma 1.4 the exact se-
quence
0→W (NR)→W (R)→W (Rred)→ 0
has a unique ring homomorphism section s : W (Rred) → W (R), which is f -
equivariant by its uniqueness. Let
W(R) = sW (Rred)⊕ Wˆ (NR).
Since Wˆ (NR) is an f -stable ideal of W (R), the group W(R) is an f -stable subring
of W (R), which we call the Zink ring of R.
Lemma 1.6. The ring W(R) is stable under the Verschiebung homomorphism
v : W (R) → W (R) if and only if p ≥ 3 or pR = 0. In this case we have an exact
sequence
0→W(R) v−→W(R) w0−−→ R→ 0.
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Proof. See [Zi2, Lemma 2]. For some r ≥ 0 the ring R0 = Z/prZ is a subring of R,
and we have W(R0) = W (R0) ∩W(R). The calculation in loc. cit. shows that the
element v(1) ∈ W (R0) lies in W(R0) if and only if p ≥ 3 or r = 1. For a ∈ W (Rred)
we have v(s(f(a))) = v(f(s(a))) = v(1)s(a). Since Wˆ (NR) is stable under v and
since f is surjective on W (Rred), the first assertion of the lemma follows. The
sequence is an extension of
0→W (Rred) v−→W (Rred)→ Rred → 0
and
0→ Wˆ (NR) v−→ Wˆ (NR)→ NR → 0,
which are both exact. 
With a slight modification the exception at the prime 2 can be removed. The
element p − [p] of W (Zp) lies in the image of v because it maps to zero in Zp.
Moreover v−1(p− [p]) maps to 1 in W (Fp), so this element is a unit in W (Zp). We
define
u0 =
{
v−1(2− [2]) if p = 2,
1 if p ≥ 3.
The image of u0 in W (R) is also denoted u0. For x ∈W (R) let
v(x) = v(u0x).
One could also take u0 = v
−1(p − [p]) for all p, which would allow to state some
results more uniformly, but for odd p this would be overcomplicated.
Lemma 1.7. The ring W(R) is stable under v : W (R)→ W (R), and there is an
exact sequence
0→W(R) v−→W(R) w0−−→ R→ 0.
Proof. By Lemma 1.6 we can assume that p = 2. For a ∈ W (Rred) we have
v(s(f(a))) = v(u0f(s(a))) = v(u0)s(a) = (2 − [2])s(a), which lies in W(R). Since
Wˆ (NR) is stable under v and since f is surjective on W (Rred) it follows that W(R)
is stable under v. The sequence is an extension of
0→W (Rred) v−→W (Rred)→ Rred → 0
and
0→ Wˆ (NR) v−→ Wˆ (NR)→ NR → 0.
They are exact because in both cases v = v ◦ u0 where u0 acts bijectively. 
1.3. The enlarged Zink ring. Let us recall the logarithm of the Witt ring. For a
divided power extension of rings (B → R, δ) with kernel b ⊆ B, the δ-divided Witt
polynomials define an isomorphism of W (B)-modules
Log :W (b) ∼= bN
where x ∈ W (B) acts on bN by [b0, b1, . . .] 7→ [w0(x)b0, w1(x)b1, . . .]. The Frobenius
and Verschiebung of W (b) act on bN by
f([b0, b1, . . .]) = [pb1, pb2, . . .], v([b0, b1, . . .]) = [0, b0, b1, . . .].
Moreover Log induces an injective map Wˆ (b) → b(N), which is bijective when the
divided powers δ are nilpotent; see [Zi1, (149)] and the subsequent discussion. In
general let
W˜ (b) = Log−1(b(N)).
This is an f -stable and v-stable ideal of W (B) containing Wˆ (b).
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Assume now that (B → R, δ) is a divided power extension of admissible rings (it
suffices to assume that R is admissible and that p is nilpotent in B because then b
is bounded nilpotent due to the divided powers, so B is admissible as well). Let
W(B, δ) = W(B) + W˜ (b).
This is an f -stable subring of W (B), which we call the enlarged Zink ring of B
with respect to the divided power ideal (b, δ). We also write W(B/R) for W(B, δ).
If the divided powers δ are nilpotent then W(B, δ) = W(B). We have the following
analogues of Lemmas 1.7 and 1.6.
Lemma 1.8. The ring W(B, δ) is stable under v : W (R) → W (R), and there is
an exact sequence
0→W(B, δ) v−→W(B, δ) w0−−→ B → 0.
Proof. The ring W(B, δ) is stable under v because so are W(B) and W˜ (b); see
Lemma 1.7. We have W(B, δ)/W˜ (b) = W(R). Thus the exact sequence follows
from the exactness of 0 → W˜ (b) v−→ W˜(b) → b → 0 together with the exact
sequence of Lemma 1.7. 
Lemma 1.9. The ring W(B, δ) is stable under v : W (R)→ W (R) if p ≥ 3, or if
p ∈ b and the divided powers δ on b induce the canonical divided powers on pB. In
this case we have an exact sequence
0→W(B, δ) v−→W(B, δ) w0−−→ B → 0.
Proof. If p ≥ 3 then W(B, δ) is stable under v because W(B) and W˜ (b) are stable
under v; see Lemma 1.6. Assume that p ∈ b and that δ induces the canonical divided
powers on pB. Let ξ = p− v(1) ∈W (B). This element lies in W (pB) ⊆W (b) and
satisfies Log(ξ) = [p, 0, 0, . . .]. Thus ξ ∈ W˜ (b), which implies that v(1) ∈ W(B, δ).
Using this, the proof of Lemma 1.6 shows that W(B, δ) is stable under v. The exact
sequence follows as usual. 
1.4. The v-stabilised Zink ring. Assume that p = 2. For an admissible ring R
let γ be the canonical divided powers on the ideal 2R. We denote the associated
enlarged Zink ring by
W+(R) = W(R, γ) = W(R) + W˜ (2R) ⊆W (R).
The kernel of the projection W+(R)→W (Rred) will be denoted Wˆ+(NR). In view
of the following lemma we call W+(R) the v-stabilised Zink ring.
Lemma 1.10. Let p = 2. We have
W+(R) = W(R) +W(R)v(1).
The ring W+(R) is equal to W(R) if and only if 2R = 0. The W(R)-module
W+(R)/W(R) is an Rred-module generated by v(1).
Proof. By Lemma 1.9 we have v(1) ∈ W+(R). Clearly 2R = 0 implies that
W+(R) = W(R). In general we consider the filtration
W (2NR) ⊆W (2R) ⊆W (R)
and the graded modules for the induced filtrations on W(R) and on W+(R). First,
the restriction of the divided powers γ to the ideal 2NR is nilpotent, which implies
that
W+(R) ∩W (2NR) = W˜ (2NR) = Wˆ (2NR) = W(R) ∩W (2NR).
Next we have W+(R/2R) = W(R/2R), or equivalently
W+(R)/W+(R) ∩W (2R) = W(R)/W(R) ∩W (2R).
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Let c = 2R/2NR. By the preceding remarks we have an isomorphism
W+(R)/W(R) ∼= W˜ (c)/Wˆ (c).
This is an R/NR-module. Assume that 2R 6= 0, which implies that c 6= 0. For some
ideal NR ⊆ b ⊆ R, multiplication by 2 induces an isomorphism R/b ∼= c. Modulo
2 the divided Witt polynomials are w˜i(x) ≡ γ2(xi−1) + xi, so the isomorphism
Log :W (c)→ cN takes the form
Log(2a0, 2a1, . . .) = 2[a0, a
2
0 + a1, a
2
1 + a2, a
2
2 + a3, . . .]
with ai ∈ R/b. It follows that W˜ (c)/Wˆ (c) can be identified with the direct limit
of the Frobenius homomorphism R/b→ R/b→ . . . , which is isomorphic to R/√b.
Under this identification, the element ξ = 2 − v(1) of W˜ (c) maps to 1 in R/√b
because we have Log(ξ) = [2, 0, . . .]. Hence W+(R)/W(R) is generated by v(1),
with annihilator
√
b. 
Assume again that p = 2. Let (B → R, δ) be a divided power extension of
admissible rings with kernel b ⊆ B such that δ is compatible with the canonical
divided powers γ on 2B. Let δ+ be the divided powers on b+ = b+2B that extend
δ and γ. In this case we write
W+(B, δ) = W(B, δ+) = W(B) + W˜ (b+).
Clearly W(B, δ) ⊆ W+(B, δ) ⊇ W+(B). If the divided powers on b+/2B induced
by δ are nilpotent then W+(B, δ) = W+(B).
1.5. Passing to the limit. The preceding considerations carry over to the topo-
logical case as follows. For an admissible topological ring R let
W(R) = lim←−
N
W(R/N),
the limit taken over all open ideals N of R with N ⊆ NR. Then Lemmas 1.6 and
1.7 hold for admissible topological rings. The enlarged Zink ring can be defined for
topological divided power extensions in the following sense.
Definition 1.11. Let B and R be admissible topological rings. A topological
divided power extension is a surjective ring homomorphism B → R whose kernel b
is equipped with divided powers δ such that b is closed in B, the topology of R is
the quotient topology of B/b, and the linear topology of B is induced by open ideals
N for which N ∩ b is stable under δ. Let δ/N be the divided powers on N/N ∩ b
induced by δ. We say that δ is topologically compatible with the canonical divided
powers of p if the topology of B is induced by open ideals N such that δ/N is
defined and compatible with the canonical divided powers of p.
Remark 1.12. The existence of divided powers on b implies that b ⊆ NB. If B
is a noetherian complete local ring then every ideal b of B is closed, moreover if
b is given, for each n there is an open ideal N ⊆ mnB such that b ∩ N is stable
under arbitrary divided powers δ on b. Indeed, by Artin-Rees there is an l with
mnBb ⊇ mlB ∩ b; then take N = mnBb+mlB, which implies that b ∩N = mnBb.
For a topological divided power extension of admissible topological rings (B →
R, δ) with kernel b ⊆ B we define
W(B, δ) = lim←−
N
W(B/N, δ/N)
where N runs through the open ideals of B contained in NB such that N ∩ b is
stable under δ. Lemmas 1.8 and 1.9 hold in the topological case.
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Assume that p = 2. Then for an admissible topological ring we put
W+(R) = lim←−
N
W+(R/N),
the limit taken over all open ideals N of R contained in NR. If (B → R, δ)
is a topological divided power extension of admissible topological rings which is
topologically compatible with the canonical divided powers of 2, we can define
W+(B, δ) = lim←−
N
W+(B/N, δ/N)
where N runs through the open ideals of B contained in NB such that δ/N is
defined and compatible with the canonical divided powers of 2.
The following example of admissible topological rings is used in section 3.
Lemma 1.13. Let R be a ring which is I-adically complete for an ideal I ⊆ R
such that K = R/I is a perfect ring of characteristic p. Assume that I = J + pR
for an ideal J ⊆ R such that R/Jn has no p-torsion for each n. For a projective
R-module t of finite type we consider the complete symmetric algebra
R[[t]] =
∏
n≥0
SymnR(t).
Let (a ⊆ S, δ) be the divided power envelope of the ideal tR[[t]] ⊆ R[[t]] and let Sˆ be
the I-adic completion of S. Then
(i) Sˆ → R is naturally a topological divided power extension of admissible
topological rings which is topologically compatible with the canonical di-
vided powers of p, and
(ii) Sˆ has no p-torsion.
Proof. Let R¯n = R/(p
nR + Jn) and S¯n = S ⊗R Rn. We have S = R ⊕ a and thus
S¯n = R¯n ⊕ a¯n with a¯n = a⊗R R¯n, moreover the ideal a¯n carries divided powers δn
induced by δ; see [Be, Ch. I, 1.7.1]. In particular S¯n is admissible. Since Sˆ → R
is the projective limit over n of S¯n → R¯n, to prove (i) it suffices to show that δn
is compatible with the canonical divided powers of p. Now SpecR → SpecR[[t]]
is a regular immersion by Lemma A.3, thus S is flat over R by Proposition A.1.
Since R has no p-torsion the same holds for S, so the divided powers on a extend
canonically to the ideal b = a+ pS. We have S/b = R/pR. The assumptions imply
that TorR1 (R/J
n, R/pR) is zero. Hence there is an exact sequence
0→ b/Jnb→ S/JnS → R/(pR+ Jn)→ 0,
which in turn gives an exact sequence
0→ (b/Jnb)/pn(S/JnS)→ S/(JnS + pnS)→ R/(pR+ Jn)→ 0.
In both sequences the kernels carry divided powers which extend the canonical
divided powers of p since the ideals Jnb of S and pn(S/JnS) of S/JnS are stable
under the given divided powers. Thus the divided powers δn on a¯n are compatible
with the canonical divided powers of p, which proves (i).
Let Sn = S/J
nS and let Sˆn be its p-adic completion. Since S is flat over R and
since R/Jn has no p-torsion, Sn and Sˆn have no p-torsion. Using that Sˆ = lim←−n Sˆn
it follows that Sˆ has no p-torsion, which proves (ii). 
1.6. Completeness. For an admissible ring R, the Zink ring W(R) is p-adically
complete. Indeed, W (Rred) is p-adically complete, and Wˆ (NR) is annihilated by a
power of p because this holds for W (NR) by Lemma 1.5. The following topological
variant of this fact seems to be less obvious.
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Proposition 1.14. Let R be an I-adically complete ring such that the ideal I is
finitely generated and K = R/I is a perfect ring of characteristic p. Then the ring
W(R) is p-adically complete. If p = 2, the ring W+(R) is p-adically complete too.
This is similar to [Zi1, Proposition 3], which says that W (R) is p-adically com-
plete if this holds for R.
Proof. The ringW (R) is p-adically separated because this holds for eachW (R/In).
Thus W(R) is p-adically separated too. Let S = W (K)[[t1, . . . , tr]] and let S → R
be a homomorphism which maps t1, . . . , tr to a set of generators of I/I
2. Then
S → R is surjective, and so is W(S)→W(R). Since W(R) is p-adically separated,
in order to show that W(R) is p-adically complete we may assume that R = S.
Consider the ideals Jn = p
nW (R)+W (In) of W (R) and Jn = W(R)∩Jn of W(R).
Then
W (R)/Jn =Wn(K)⊕W (I/In),
W(R)/Jn =Wn(K)⊕ Wˆ (I/In).
It follows thatW (R) andW(R) are complete and separated for the linear topologies
generated by the ideals Jn and Jn, respectively; moreover W(R) is closed in W (R).
The ring W (R) is also complete and separated for the linear topology generated
by the ideals J ′n,m = Ker(W (R) → Wm(R/In)). The J-topology is finer than the
J ′-topology because J2n ⊆ J ′n,n.
We claim that for each r ≥ 1 the ideal prW (R) of W (R) is closed in the J ′-
topology. This is a variant of [Zi1, Lemma 6] with essentially the same proof.
First, for s ≥ 1 an element x = (x0, . . . , xm) of Wm+1(R) satisfies xi ∈ Is for all
i if and only if wi(x) ∈ Ii+s for all i; see the proof of [Zi1, Lemma 4]. Then the
proof of [Zi1, Lemma 5] shows that an element x ∈Wm(R) is divisible by pr if and
only if for each s the image x¯ ∈Wm(R/Is) is divisible by pr. Using this, the claim
follows from the proof of [Zi1, Lemma 6].
Thus prW (R) is closed in the finer J-topology as well. Assume that we have
pW(R) = pW (R)∩W(R). Then prW(R) is closed in the J-topology, which implies
that W(R) is p-adically complete; see [Zi1, Lemma 7]. Thus for p ≥ 3 the proof is
completed by Lemma 1.15 below. For p = 2 the same reasoning shows that W+(R)
is p-adically complete. Now W+(R)/W(R) is isomorphic to K as abelian groups
by the proof of Lemma 1.10. We get exact sequences
0→ K →W(R)/2nW(R)→W+(R)/2nW+(R)→ K → 0,
where the transition maps from n + 1 to n are zero on the left hand K and the
identity on the right hand K. It follows that W(R) is p-adically complete as well.

Lemma 1.15. For a perfect ring K of characteristic p let R = W (K)[[t1, . . . , tr]]
with the (p, t1, . . . , tr)-adic topology. If p ≥ 3 then
pW (R) ∩W(R) = pW(R).
If p = 2 then
2W (R) ∩W+(R) = 2W+(R).
Proof. Assume p = 2. Let I be the kernel of R → K and let I¯ = I/pR. The
filtration 0 ⊆W (pR) ⊆W (I) ⊆W (R) induces a filtration of W(R) with successive
quotients W˜ (pR) := lim←−n W˜ (pR/I
npR) and Wˆ (I¯) := lim←−n Wˆ (I¯/I¯
n) and W (K).
To prove the lemma it suffices to show that
pW (I¯) ∩ Wˆ (I¯) = pWˆ (I¯)
and
pW (pR) ∩ W˜ (pR) = pW˜ (pR).
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The first equality holds because multiplication by p onW (I¯) is given by (a0, a1, . . .) 7→
(0, ap0, a
p
1, . . .), and for a ∈ I¯ with ap ∈ I¯pn we have a ∈ I¯n. The second equality
holds because the isomorphism Log : W (pR) ∼= (pR)N induces an isomorphism
between W˜ (pR) and the group of all sequences in (pR)N that converge to zero
I-adically. The proof for p ≥ 3 is similar. 
1.7. Divided powers. In section 3 we will use that the augmentation ideals of the
Zink ring and its variants carry natural divided powers, with some exception when
p = 2; see also 4.1.
Let us first recall the canonical divided powers on the Witt ring. If R is a Z(p)-
algebra, thenW (R) is a Z(p)-algebra as well, and the ideal IR carries divided powers
γ which are determined by (p− 1)!γp(v(x)) = pp−2v(xp). Assume that (B → R, δ)
is a divided power extension of Z(p)-algebras with kernel b ⊆ B. Let IB/R be the
kernel of W (B) → R. If i : b → W (b) is defined by Log(i(b)) = [b, 0, 0, . . .], we
have IB/R = IB ⊕ i(b), and the divided powers γ on IB extend to divided powers
γ′ = γ⊕ δ on IB/R such that γ′n(i(b)) = i(δn(b)) for b ∈ b. If p ∈ b and if δ extends
the canonical divided powers of p, then γ⊕ δ extends the canonical divided powers
of p, and f preserves γ ⊕ δ. This is clear when B has no p-torsion; the general
case follows because (B → R) can be written as the quotient of a divided power
extension (B′ → R′), where B′ is the divided power algebra of a free module over
a polynomial ring R′′ over Z(p), and R
′ = R′′/pR′′.
These facts extend to the Zink ring as follows.
Lemma 1.16. Let I ⊆W be one of the following.
(i) I = IR and W = W(R) for an admissible ring R with p ≥ 3,
(ii) I = I+R and W = W
+(R) for an admissible ring R with p = 2.
Then the divided powers γ on IR induce divided powers on I.
Proof. Since W is a Z(p)-algebra it suffices to show that I is stable under the map
γp : IR → IR, which is true because I = v(W) by Lemmas 1.6 and 1.9. 
Lemma 1.17. Let (B → R, δ) be a divided power extension of admissible rings with
kernel b ⊆ B, and let IB/R be the kernel of W(B, δ)→ R. Assume that p ≥ 3; or
that p = 2 and p ∈ b and δ extends the canonical divided powers of p. Then the
divided powers γ ⊕ δ on IB/R induce divided powers on IB/R. If p ∈ b and if δ
extends the canonical divided powers of p, then the divided powers on IB/R induced
by γ ⊕ δ extend the canonical divided powers of p and are preserved by f .
Proof. Let I′B be the kernel of W(B/R)→ B. Then IB/R = I′B ⊕ i(b), and we have
I′B = v(W(B/R)) by Lemma 1.9. Thus I
′
B is stable under γ, and IB/R is stable
under γ⊕ δ. The second assertion follows from the corresponding fact for the Witt
ring. 
2. Dieudonne´ displays
In this section, Dieudonne´ displays and a number of variants related to divided
power extensions are defined. We use the formalism of frames and windows intro-
duced in [La3]. First of all, let us recall a well-known fact.
Lemma 2.1. Let A be a commutative, not necessarily unitary ring. For x ∈W (A)
we have f(x) ≡ xp modulo pW (A). Similarly, for x ∈ Wˆ (A) we have f(x) ≡ xp
modulo pWˆ (A).
Proof. For x ∈ W (R) write x = [x0] + v(y) with x0 ∈ R and y ∈ W (R). Then
f(x) ≡ [xp0] ≡ xp modulo pW (R) because fv = p and v(y)p = pp−1v(yp). The same
calculation applies with Wˆ in place of W . 
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2.1. Frames and windows. We recall the notion of frames and windows from
[La3] with some additions. A pre-frame is a quintuple
F = (S, I, R, σ, σ1)
where S and R = S/I are rings, where σ : S → S is a ring endomorphism with
σ(a) ≡ ap modulo pS, and where σ1 : I → S is a σ-linear map of S-modules whose
image generates S as an S-module. Then there is a unique element θ ∈ S with
σ(a) = θσ1(a) for a ∈ I. The pre-frame F is called a frame if
I + pS ⊆ Rad(S).
If in addition all projective R-modules of finite type can be lifted to projective S
modules then F is called a lifting frame.
A homomorphism of pre-frames or frames α : F → F ′ is a ring homomorphism
α : S → S′ with α(I) ⊆ I ′ such that σ′α = ασ and σ′1α = u ·ασ1 for a unit u ∈ S′,
which is then determined by α. It also follows that α(θ) = uθ′. We say that α is a
u-homomorphism of pre-frames or frames. If u = 1 then α is called strict.
Let now F be a frame. An F -window is a quadruple
P = (P,Q, F, F1)
where P is a projective S-module of finite type with a submodule Q such that
there exists a decomposition of S-modules P = L ⊕ T with Q = L ⊕ IT , called a
normal decomposition, and where F : P → P and F1 : Q→ P are σ-linear maps of
S-modules with
F1(ax) = σ1(a)F (x)
for a ∈ I and x ∈ P ; we also assume that F1(Q) generates P as an S-module.
Then F (x) = θF1(x) for x ∈ Q. If F is a lifting frame, every pair (P,Q) such
that P is a projective S-module of finite type and P/Q is a projective R-module
admits a normal decomposition. In general, for given (P,Q) together with a normal
decomposition P = L ⊕ T , giving σ-linear maps (F, F1) which make an F -window
P is equivalent to giving a σ-linear isomorphism
Ψ : L⊕ T → P
defined by F1 on L and by F on T . The triple (L, T,Ψ) is called a normal repre-
sentation of P.
A frame homomorphism α : F → F ′ induces a base change functor α∗ from
F -windows to F ′-windows. In terms of normal representations it is given by
(L, T,Ψ) 7→ (S′ ⊗S L, S′ ⊗S T,Ψ′)
with Ψ′(s′ ⊗ l) = uσ′(s′)⊗Ψ(l) and Ψ′(s′ ⊗ t) = σ′(s′)⊗Ψ(t).
A frame homomorphism α : F → F ′ is called crystalline if the functor α∗ is an
equivalence of categories. For reference we recall [La3, Theorem 3.2]:
Theorem 2.2. Let α : F → F ′ be a homomorphism of frames which induces
an isomorphism R ∼= R′ and a surjection S → S′ with kernel a. We assume
that there is a finite filtration of ideals a = a0 ⊇ . . . ⊇ an = 0 with σ1(ai) ⊆ ai
and σ(ai) ⊆ ai+1, that σ1 is elementwise nilpotent on each ai/ai+1, and that all
projective S′-modules of finite type lift to projective S-modules of finite type. Then
α is crystalline. 
Let us recall the operator V ♯ of a window. For an S-module M we write M (σ) =
S ⊗σ,S M . A filtered F -V -module over F is a quadruple
(P,Q, F ♯, V ♯)
where P is a projective S-module of finite type, Q is a submodule of P such that
P/Q is projective over R, and F ♯ : P (σ) → P and V ♯ : P → P (σ) are S-linear maps
with F ♯V ♯ = θ and V ♯F ♯ = θ.
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Lemma 2.3. There is a natural functor from F-windows to filtered F -V -modules
over F , which is fully faithful if θ is not a zero divisor in S.
Proof. The functor is (P,Q, F, F1) 7→ (P,Q, F ♯, V ♯) where F ♯ is the linearisation
of F , and V ♯ is the unique S-linear map such that V ♯(F1(x)) = 1 ⊗ x for x ∈
Q. Clearly this determines V ♯ if it exists. In terms of a normal representation
(L, T,Ψ) of P, thus P = L ⊕ T , one can define V ♯ = (1 ⊕ θ)(Ψ♯)(−1). The
required relation F ♯V ♯ = θ on P is equivalent to F ♯V ♯F1 = θF1 on Q, which is
clear since θF1 = F . The required relation V
♯F ♯ = θ on P (σ) holds if and only
if it holds after multiplication with σ1(a) for all a ∈ I. For x ∈ P we calculate
σ1(a)V
♯F ♯(1⊗ x) = V ♯F1(ax) = σ(a)⊗ x = θσ1(a)(1 ⊗ x).
Assume that θ is not a zero divisor in S. It suffices to show that the forgetful
functors from windows to triples (P,Q, F ) and from filtered F -V -modules to triples
(P,Q, F ♯) are fully faithful. In the first case this holds because θF1 = F . In the
second case, for an endomorphism α of P with αF ♯ = F ♯α(σ) we calculate V ♯αθ =
V ♯αF ♯V ♯ = V ♯F ♯α(σ)V ♯ = θα(σ)V ♯, which implies that V ♯α = α(σ)V ♯. 
Finally, let us recall the duality formalism. Let F denote the F -window (S, I, σ, σ1).
A bilinear form between F -windows
β : P ×P ′ → F
is an S-bilinear map β : P × P ′ → S such that β(Q ×Q′) ⊆ I and β(F1x, F ′1x′) =
σ1(β(x, x
′)) for x ∈ Q and x′ ∈ Q′. For each P, the functor P ′ 7→ Bil(P×P ′,F)
is represented by an F -window Pt, called the dual of P. The tautological bilinear
form P × Pt → S is a perfect bilinear map P × P t → S. There is a bijection
between normal representations P = L⊕T and normal representation P t = Lt⊕T t
determined by 〈L,Lt〉 = 0 = 〈T, T t〉. The associated operators Ψ : P → P and
Ψt : P t → P t are related by 〈Ψx,Ψtx′〉 = σ 〈x, x′〉.
There is also an obvious duality of filtered F -V -modules over F : The dual of
M = (P,Q, F ♯, V ♯) is Mt = (P ∗, Q′, V ♯∗, F ♯∗) where P ∗ = HomS(P, S), and Q′ is
the submodule of all y in P ∗ with y(Q) ⊆ I. It is easy to see that the functor in
Lemma 2.3 preserves duality.
2.2. Frames associated to the Witt ring. For an arbitrary ring R let f1 : IR →
W (R) be the inverse of the Verschiebung v. Then
WR = (W (R), IR, R, f, f1)
is a pre-frame with θ = p. If R is p-adically complete, WR is a lifting frame because
W (R) is IR-adically complete by [Zi1, Proposition 3], and windows over WR are
displays over R.
For a divided power extension of rings (B → R, δ) with kernel b ∈ B one can
define a pre-frame
WB/R = (W (B), IB/R, R, f, f˜1)
with IB/R = IB +W (b) such that f˜1 : IB/R → W (B) is the unique extension of
f1 whose restriction to W (b) is given by [a0, a1, a2, . . .] 7→ [a1, a2, . . .] in logarith-
mic coordinates; see 1.3. The projection WB → WR factors into strict pre-frame
homomorphisms WB → WB/R → WR.
As a special case, assume that R is a perfect ring of characteristic p. Then f is
an automorphism ofW (R), and IR = pW (R). Let us call a Dieudonne´ module over
R a triple (P, F, V ) where P is a projective W (R)-module of finite type equipped
with an f -linear endomorphism F and an f−1-linear endomorphism V such that
FV = p, or equivalently V F = p.
Lemma 2.4. Displays over a perfect ring R are equivalent to Dieudonne´ modules
over R.
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Proof. To a display (P,Q, F, F1) we associate the Dieudonne´ module (P, F, V )
where the linearisation of V : P → P is the operator V ♯ defined in Lemma 2.3.
Then V F1 : Q→ P is the inclusion. Here F1 is surjective since f is bijective. Thus
Q = V (P ), and the functor is fully faithful; see Lemma 2.3. It remains to show that
for every Dieudonne´ module (P, F, V ) the R-module M = P/V (P ) is projective.
For p ∈ SpecR let ℓM (p) be the dimension of the fibre ofM at p. Let N = P/F (P ).
Then ℓM + ℓN = ℓP/pP as functions on SpecR. Since M and N are of finite type
and since P/pP is projective, the functions ℓM and ℓN are upper semicontinuous,
and ℓP/pP is locally constant. It follows that ℓM is locally constant, which implies
that M is projective because R is reduced. 
2.3. Dieudonne´ frames. For an admissible ring R in the sense of Definition 1.1
let IR be the kernel of w0 : W(R) → R, and let f1 : IR → W(R) be the inverse of
v, which is well-defined by Lemma 1.7. If p is odd, then v = v and f1 = f1.
Lemma 2.5. The quintuple
DR = (WR, IR, R, f, f1)
is a lifting frame.
We call DR the Dieudonne´ frame associated to R.
Proof. In order that DR is a pre-frame we need that f(a) ≡ ap modulo pW(R) for
a ∈W(R), which follows from Lemma 2.1 applied toW (Rred) and to Wˆ (NR). Since
Wˆ (NR) is a nilideal by Lemma 1.5 and since the quotientW(R)/Wˆ (NR) =W (Rred)
is p-adically complete with pW (Rred) = IRred , the kernel of W(R) → Rred lies in
the radical of W(R), and projective Rred-modules of finite type lift to projective
W(R)-modules of finite type. It follows that DR is a lifting frame. 
The inclusion W(R)→W (R) is a u0-homomorphism of frames DR → WR. Thus
for DR we have θ = p if p is odd and θ = 2u0 = 2− [4] if p = 2.
Definition 2.6. A Dieudonne´ display over R is a window over DR.
Thus a Dieudonne´ display is a quadruple P = (P,Q, F, F1) where P is a pro-
jective W(R)-module of finite type with a filtration IRP ⊆ Q ⊆ P such that P/Q
is a projective R-module, F : P → P and F1 : Q → P are f -linear maps with
F1(ax) = f1(a)F (x) for a ∈ IR and x ∈ P , and F1(Q) generates P . We write
Lie(P) = P/Q.
The height of P is the rank of the W(R)-module P , and the dimension of P is
the rank of the R-module Lie(P), both viewed as locally constant functions on
SpecR. As in the case of general frames, we also denote by DR the Dieudonne´
display (W(R), IR, f, f1) over R.
2.4. Relative Dieudonne´ frames. Let (B → R, δ) be a divided power extension
of admissible rings with kernel b ⊆ B. Let W(B/R) = W(B, δ) as in 1.3 and let
IB/R be the kernel of the projection W(B/R)→ R, thus
IB/R = IB + W˜ (b).
Lemma 2.7. There is a unique extension of f1 : IB → W(B) to an f -linear map
f˜1 : IB/R →W(B/R) of W(B/R)-modules such that the restriction of f˜1 to W˜ (b)
is given by
(2.1) f˜1([a0, a1, a2, . . .]) = [w0(u
−1
0 )a1, w1(u
−1
0 )a2, . . .]
in logarithmic coordinates. The quintuple
DB/R = DB/R,δ = (W(B/R), IB/R, R, f, f˜1)
is a lifting frame.
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Proof. Clearly f˜1 is determined by (2.1). Let I
′
B be the kernel of W(B/R) → B.
By Lemma 1.8, the inverse of v is an f -linear map f ′1 : I
′
B → W(B/R) which
extends f1. In logarithmic coordinates, the restriction of v to W (b) is given by
[a0, a1, . . .] 7→ [0, w0(u0)a0, w1(u0)a1, . . .]. Thus f ′1 extends to the desired f˜1. As
in the proof of Lemma 2.5, the kernel of W(B/R) → Rred lies in the radical of
W(B/R), and projective Rred-modules of finite type lift to W(B/R). 
We call DB/R the relative Dieudonne´ frame associated to the divided power
extension (B/R, δ), and DB/R-windows are called Dieudonne´ displays for B/R.
There are natural strict frame homomorphisms
DB → DB/R → DR.
If the divided powers δ are nilpotent, then W(B) = W(B/R).
Proposition 2.8. The frame homomorphism DB/R → DR is crystalline.
Proof. This follows from Theorem 2.2. Indeed, let a denote the kernel of the sur-
jective homomorphism W(B/R) → W(R), thus a = W˜ (b) ∼= b(N). The endo-
morphism f˜1 of a is elementwise nilpotent by (2.1). The required filtration of a
can be taken to be ai = p
ia; this is a finite filtration by Lemma 1.5. We have
f˜1(ai) = ai by (2.1), and f(ai) = ai+1 because the endomorphism f of a is given by
[a0, a1, . . .] 7→ [pa1, pa2, . . .] in logarithmic coordinates. 
2.5. v-stabilised Dieudonne´ frames. Assume that p = 2. The preceding con-
structions can be repeated with W+ and v in place of W and v. More precisely, for
an admissible ring R let I+R be the kernel of W
+(R)→ R and let f1 : I+R →W+(R)
be the inverse of v, which is well-defined by Lemma 1.9. The v-stabilised Dieudonne´
frame associated to R is defined as
D
+
R = (W
+(R), I+R, R, f, f1).
This is a lifting frame by the proof of Lemma 2.5. The inclusion W(R)→W+(R) is
a u0-homomorphism of frames DR → D+R , which is invertible if and only if 2R = 0.
Windows over D+R are called v-stabilised Dieudonne´ displays over R.
Assume again that p = 2, and let (B → R, δ) be a divided power extension of
admissible rings with kernel b ⊆ B which is compatible with the canonical divided
powers of 2. Let I+B/R be the kernel of the natural map W
+
B/R → R, thus
I+B/R = I
+
B + W˜ (b).
There is a unique extension of f1 : I
+
B →W+(B) to an f -linear map of W+(B/R)-
modules f˜1 : I
+
B/R → W+(B/R) such that its restriction to W˜ (b) is given by
[a0, a1, a2, . . .] 7→ [a1, a2, . . .] in logarithmic coordinates, and the quintuple
D
+
B/R = (W
+(B/R), I+B/R, R, f, f˜1)
is a lifting frame. This follows from the proof of Lemma 2.7. We have a u0-
homomorphism of frames DB/R → D+B/R, which is invertible if and only if 2R = 0,
and strict frame homomorphisms
D
+
B → D+B/R → D+R .
If the divided powers induced by δ on (b + 2B)/2B are nilpotent, then W+(B) is
equal to W+(B/R).
Corollary 2.9. The frame homomorphism D+B/R → D+R is crystalline.
Proof. This follows from the proof of Proposition 2.8. 
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2.6. The crystals associated to Dieudonne´ displays. Let R be an admissible
ring. We denote by Crisadm(R) the category of divided power extensions (SpecA→
SpecB, δ) where A is an R-algebra which is an admissible ring, and where p is
nilpotent in B. Then the kernel of B → A is bounded nilpotent, so B is an
admissible ring as well.
Let P be a Dieudonne´ display over R. For (SpecA→ SpecB, δ) in Crisadm(R)
we denote the base change of P to A by PA and the unique Dieudonne´ display for
B/A which lifts PA by
PB/A = (PB/A, QB/A, F, F1);
see Proposition 2.8. A homomorphism of divided power extensions of admissible
rings α : (B → A, δ)→ (B′ → A′, δ′) induces a frame homomorphism Dα : DB/A →
DB′/A′ , and we have a natural isomorphism
(Dα)∗(PB/A) ∼= PB′/A′ .
In more sophisticated terms this can be expressed as follows: The frames DB/A
form a presheaf of frames D∗∗ on Crisadm(R), and Proposition 2.8 implies that the
category of Dieudonne´ displays over R is equivalent to the category of crystals in
D∗∗-windows on Crisadm(R). Then PB/A is the value in (SpecA → SpecB, δ) of
the crystal associated to P.
For a Dieudonne´ display P = (P,Q, F, F1) over R, we define the Witt crystal
K(P) on Crisadm(R) by
K(P)B/A = PB/A.
This is a projective W(B/A)-module of finite type. The Dieudonne´ crystal D(P)
on Crisadm(R) is defined by
D(P)B/A = PB/A ⊗W(B/A) B.
This is a projective B-module of finite type. The Hodge filtration of P is the
submodule
Q/IRP ⊆ P/IRP = D(P)R/R.
Corollary 2.10. Let (B → R, δ) be a nilpotent divided power extension of admis-
sible rings. The category of Dieudonne´ displays over B is equivalent to the category
of Dieudonne´ displays P over R together with a lift of the Hodge filtration of P
to a direct summand of D(P)B/R.
Proof. If the divided powers are nilpotent, then W(B/R) = W(B), and lifts of
windows under the frame homomorphism DB → DB/R are in bijection with lifts of
the Hodge filtration. 
The preceding definitions have a v-stabilised variant. Let Crisadm(R/Zp) be the
full subcategory of Crisadm(R) where the divided powers are compatible with the
canonical divided powers of p. Assume now that p = 2 and let P+ be a v-stabilised
Dieudonne´ display over R, i.e. a window over D+R . For (SpecA → SpecB, δ) in
Crisadm(R/Z2) we denote by P
+
A the base change of P
+ to D+A and by
P
+
B/A = (P
+
B/A, Q
+
B/A, F, F1)
the unique lift of P+A to a D
+
B/A-window, which exists by Corollary 2.9. The v-
stabilised Witt crystal K+(P+) and the v-stabilised Dieudonne´ crystal D+(P+)
on Crisadm(R/Z2) are defined by K
+(P+)B/A = P
+
B/A and
D+(P+)B/A = P
+
B/A ⊗W+(B/A) B.
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Corollary 2.11. Assume that p = 2. Let (B → R, δ) be a divided power extension
of admissible rings which is compatible with the canonical divided powers of 2 such
that the divided powers induced by δ on the kernel of B/2B → R/2R are nilpotent.
Then the category of v-stabilised Dieudonne´ displays over B is equivalent to the
category of v-stabilised Dieudonne´ displays P+ over R together with a lift of the
Hodge filtration of P+ to a direct summand of D+(P+)B/R.
Proof. This is analogous to Corollary 2.10, using that W+(B/R) = W+(B) under
the given assumptions on δ; see the end of 1.4. 
Lemma 2.12. Let P be a Dieudonne´ display over an admissible ring R with p = 2
and let P+ be its base change to D+R . Then D(P
+) is naturally isomorphic to the
restriction of D(P) to Crisadm(R/Z2).
Proof. For each (SpecA → SpecB, δ) in Crisadm(R/Z2), the D+B/A-window P+B/A
is the base change of PB/A by the frame homomorphism DB/A → D+B/A by its
uniqueness. The lemma follows easily. 
Remark 2.13. Lemma 2.12 does not imply that the infinitesimal deformations of
P and of P+ coincide: Let B be an admissible ring with 4B = 0 and 2B 6= 0 and
let R = B/2B. The ideal 2B carries the canonical divided powers γ and the trivial
divided powers δ. Corollary 2.10 applies to (B → R, δ) but not to (B → R, γ),
while Corollary 2.11 and Lemma 2.12 apply to (B → R, γ) but not to (B → R, δ).
2.7. Passing to the limit. The preceding considerations extend easily to the case
of admissible topological rings with a countable base of topology. Let us begin with
a standard lemma. For a ring A let V(A) be the category of projective A-modules
of finite type.
Lemma 2.14. Let A = lim←−n∈NAn be an inverse limit of rings such that the tran-
sition maps πn : An → An−1 are surjective with Ker(πn) ⊆ Rad(An). Then the
natural functor ρ : V(A)→ lim←−nV(An) is an equivalence.
Proof. Since for P ∈ V(A) we have P = lim←−n(P⊗AAn) the functor ρ is fully faithful.
For a system of Pn ∈ V(An) with isomorphisms Pn⊗AAn−1 ∼= Pn−1 we have to show
that the A-module P = lim←−n Pn lies in V(A). Choose a surjective homomorphism
q1 : A
r
1 → P1 and lift this to a compatible system of homomorphisms qn : Arn → Pn.
All qn are surjective by Nakayama’s Lemma. Let Sn be the set of linear sections of
qn. Since Sn carries a simply transitive action of Hom(Pn,Ker(qn)), the reduction
maps Sn → Sn−1 are surjective. Thus the limit map q : Ar → P has a section, and
we have P ∈ V(A). This proves that ρ is an equivalence. 
For a ring A let BT(A) be the category of p-divisible groups over A.
Lemma 2.15. For an inverse limit A = lim←−nAn as in Lemma 2.14, the natural
functor υ : BT(A)→ lim←−n BT(An) is an equivalence.
Proof. Cf. [Me1, Ch. II, Le. 4.16]. The functor ρ of Lemma 2.14 preserves tensor
products, and a complex P → P ′ → P ′′ → 0 in V(A) is exact if and only if its
reduction to A1 is exact. As in [Me1, Ch. II, Le. 4.16] it follows that υ is an
equivalence. 
For an admissible topological ring R let DR = lim←−N DR/N where N runs through
the open ideals of R contained in NR. As before, DR-windows are called Dieudonne´
displays over R.
Lemma 2.16. If R is an admissible topological ring with a countable basis of
topology, then Dieudonne´ displays (or p-divisible groups) over R are equivalent to
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compatible systems of Dieudonne´ displays (or p-divisible groups) over R/N for each
open ideal N contained in NR.
Proof. One can write R = lim←−n∈NRn for a surjective system of admissible rings Rn
with Rred = (Rn)red for each n. Then the case of p-divisible groups follows from
Lemma 2.15, and the case of Dieudonne´ displays follows from Lemma 2.14 applied
to R and to W(R) = lim←−nW(Rn); here the successive kernels are nil-ideals due to
Lemma 1.5. Cf. [La3, Lemma 2.1]. 
3. From p-divisible groups to Dieudonne´ displays
In this section we define a functor from p-divisible groups over odd admissible
rings to Dieudonne´ displays. In the non-odd case there is a v-stabilised version of
this functor, which will serve as a first step towards the true functor in the next
section. We begin with some preparations.
3.1. Finiteness over admissible rings. We show that the categories of p-divisible
groups or Dieudonne´ displays over an admissible ring R are the direct limit of the
corresponding categories over the finitely generatedW (Rred)-subalgebras of R, with
fully faithful transition maps.
Proposition 3.1. Every Dieudonne´ display over an admissible ring R is defined
over a finitely generated W (Rred)-subalgebra of R. For an injective homomorphism
of admissible rings R → S such that Rred → Sred is bijective, the base change of
Dieudonne´ displays from R to S is fully faithful.
Proof. For a ring A let V(A) be the category of projective A-modules of finite type.
Since the ring W(R) is the filtered union of W(R′) where R′ runs through the
finitely generatedW (Rred)-subalgebras of R, the category V(W(R)) is equivalent to
the direct limit over R′ of V(W(R′)). Since a Dieudonne´ display over R can be given
by L, T ∈ V(W(R)) together with an f -linear automorphism Ψ of L ⊕ T , the first
assertion of the proposition follows. Similarly, every homomorphism of Dieudonne´
displays over R is defined over some finitely generated R′. Thus for the second
assertion we may assume that N rS = 0. Let S¯ = S/N r−1S and R¯ = R/R ∩ N r−1S .
Let R′′ ⊆ S be the inverse image of R¯ ⊆ S¯. By induction on r, the base change
of Dieudonne´ displays from R¯ to S¯ is fully faithful. It follows that the base change
fromR′′ to S is fully faithful as well. By Corollary 2.10, using trivial divided powers,
Dieudonne´ displays over R or over R′′ are equivalent to Dieudonne´ displays over
R¯ together with a lift of the Hodge filtration to R or to R′′, respectively. Since
R→ R′′ is injective, it follows that the base change of Dieudonne´ displays from R
to R′′ is fully faithful. 
For the case of p-divisible groups we first recall some standard facts.
Lemma 3.2. Let B → A be a surjective ring homomorphism with kernel I such
that pI = 0 and xp = 0 for all x ∈ I. For an affine flat group scheme H over B,
the kernel of H(B)→ H(A) is annihilated by p.
Proof. Let B0 = B/pB and H0 = H ⊗B B0. The abelian group B0 ⊕ I becomes a
ring with multiplication (a⊕ i)(a′⊕ i′) = aa′⊕ (ai′+a′i+ ii′), and one can identify
B×AB with B×B0 (B0⊕I). Since the evaluation of affine schemes commutes with
fibered products of rings, we obtain an isomorphism of abelian groups
Ker(H(B)→ H(A)) ∼= Ker(H0(B0 ⊕ I)→ H0(B0)).
The right hand side lies in the kernel of the Frobenius FH0 of H0, which lies in
H0[p] since VH0 ◦ FH0 = p by [SGA3, VIIA 4.3]. This proves the lemma. 
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Lemma 3.3. Let B → A be a surjective ring homomorphism with kernel I such
that p is nilpotent in B and I is a nil-ideal. For a p-divisible group G over B, the
homomorphism G(B)→ G(A) is surjective.
Proof. For given x ∈ Gn(A), since Gn is finitely presented there is a finitely gener-
ated ideal I ′ ⊆ I such that x lifts to an element x′ ∈ Gn(B/I ′). Now we can use
that G is formally smooth by [Me1, Th. 3.3.13]. 
Lemma 3.4. Let B → A be a surjective ring homomorphism whose kernel is
bounded nilpotent and such that p is nilpotent in B. Then there is a number r
such that for two p-divisible groups G and H over B, the reduction homomorphism
Hom(G,H)→ Hom(GA, HA) is injective with kernel annihilated by pr.
Proof. This is an easy consequence of Lemmas 3.2 and 3.3; cf. the proof of [Ka,
Lemma 1.1.3]. 
Proposition 3.5. Every p-divisible group over an admissible ring R is defined over
a finitely generated W (Rred)-subalgebra of R. For an injective homomorphism of
admissible rings R → S such that Rred → Sred is bijective, the base change of
p-divisible groups from R to S is fully faithful.
Proof. For a p-divisible group G over R let G0 = G ⊗R Rred. Using Lemma 3.4
we chose r such that for two p-divisible groups G and H over R, the cokernel of
Hom(G,H) → Hom(G0, H0) is annihilated by pr. Now let G be given, let G′′ be
a lift of G0 to W (Rred) and let G
′ = G′′ ⊗W (Rred) R. There are homomorphisms
ϕ : G′ → G and ψ : G→ G′ which both lift the multiplication pr : G0 → G0. Thus
ϕψ and ψϕ are multiplication by p2r. We obtain an isomorphism G ∼= G′/KG
where KG ⊆ G′ is a finite locally free group scheme annihilated by p2r; see Lemma
3.6 below. In particular KG is finitely presented, and the first assertion of the
proposition follows. To prove the second assertion, we consider two p-divisible
groups G and H over R and a homomorphism ϕ0 : G0 → H0 over Rred = Sred.
There is a unique lift of prϕ0 to a homomorphism ψ : G→ H , and there is a lift of
ϕ0 to R if ψ vanishes on G[p
r]. Since R → S is injective, this holds if and only if
the scalar extension ψS vanishes on GS [p
r], which is equivalent to the existence of
a lift of ϕ0 to S. 
Lemma 3.6. Let ϕ : G → H and ψ : H → G be homomorphisms of p-divisible
groups over a scheme S with ϕψ = pn and ψϕ = pn. Then Ker(ϕ) and Ker(ψ) are
finite locally free group schemes.
Proof. Clearly Ker(ϕ) and Ker(ψ) are finite group schemes of finite presentation.
Thus we may assume that S = SpecR for a local ring R with residue field k.
Let Ker(ψ) = SpecA and Gn = SpecB. Choose elements a1, . . . , apr ∈ A which
map to a k-basis of Ak, so they generate A as an R-module. We have a surjective
homomorphism of fppf sheaves ϕ : Gn → Ker(ψ). It follows that Bk is a locally
free Ak-module of some rank p
s, thus a free Ak-module since Ak is finite. Choose
b1, . . . , bps ∈ B which map to an Ak-basis of Bk. The elements aibj ∈ B map to
a k-basis of Bk. Since B is a free R-module they form an R-basis of B. It follows
that A is free over R with basis ai. 
3.2. Deformation rings. Let Λ → K be a surjective ring homomorphism with
finitely generated kernel I ⊆ Λ such that Λ is I-adically complete. The ring K is
not assumed to be a field. Let NilΛ/K be the category of Λ-algebras A together
with a homomorphism of Λ-algebras A → K with nilpotent kernel. We consider
covariant functors
F : NilΛ/K → (sets)
with the following properties (cf. [Sch]):
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(3.1) The set F (K) has precisely one element.
(3.2) For a surjective homomorphism A1 → A in NilΛ/K the induced map
F (A1)→ F (A) is surjective.
(3.3) For each pair of homomorphisms A1 → A← A2 in NilΛ/K such that one
of them is surjective the natural map F (A1×AA2)→ F (A1)×F (A)F (A2)
is bijective. Then for each K-module N the set F (K ⊕ N) is naturally
a K-module. In particular, tF = F (K[ε]) is a K-module, which is called
the tangent space of F .
(3.4) For each K-module N the natural homomorphism of K-modules tF ⊗K
N → F (K ⊕N) is bijective.
(3.5) The K-module tF is finitely presented.
The first three conditions imply that the functor N 7→ F (K ⊕ N) preserves ex-
act sequences of K-modules. Thus (3.4) is automatic if N is finitely presented.
Moreover (3.1)-(3.4) imply that the K-module tF is flat, so (3.5) implies that tF is
projective.
Proposition 3.7. Assume that F satisfies (3.1)-(3.5). Then F is pro-represented
by a complete Λ-algebra B. Let t˜ be a projective Λ-module of finite type which lifts
tF . Then B is isomorphic to the complete symmetric algebra Λ[[t˜
∗]], where ∗ means
dual. This is a power series ring over Λ if tF is a free K-module.
Proof. The K-module tF is projective as explained above. Thus t˜ exists. Let
B = Λ[[t˜∗]] and let B¯ = K ⊕ t∗F . We have an obvious projection B → B¯. Let
ξ¯ ∈ F (B¯) = tF ⊗ t∗F = End(tF ) correspond to the identity of tF and let ξ ∈ F (B)
be a lift of ξ¯. We claim that the induced homomorphism of functors ξ : B → F
is bijective. Note that the functor B satisfies (3.1)-(3.5). By induction it suffices
to show that if A → A¯ is a surjection in NilΛ/K whose kernel N is a K-module of
square zero and if B(A¯)→ F (A¯) is bijective, then B(A)→ F (A) is bijective as well.
We have a natural isomorphism A×A¯A ∼= A×K (K⊕N). It follows that the fibres
of B(A) → B(A¯) and the fibres of F (A) → F (A¯) are principal homogeneous sets
under the K-modules B(K ⊕N) and F (K ⊕N), respectively. The homomorphism
tB → tF induced by ξ is bijective by construction, so B(K ⊕ N) → F (K ⊕ N) is
bijective, and the proposition follows. 
Corollary 3.8. A homomorphism of functors which satisfy (3.1)-(3.5) is an iso-
morphism if and only if it induces an isomorphism on the tangent spaces. 
Remark 3.9. Let Λ′ → K ′ be another pair as above and let g : Λ′ → Λ be a ring
homomorphism which induces a homomorphism g¯ : K ′ → K. For given functors F
on NilΛ/K and F
′ on NilΛ′/K′ , a homomorphism h : F → F ′ over g is a compatible
system of maps
h(A) : F (A)→ F ′(A×K K ′)
for A in NilΛ/K ; here A×KK ′ is naturally an object of NilΛ′/K′ . If F and F ′ satisfy
(3.1)-(3.5) and if B and B′ are the complete algebras which pro-represent F and
F ′, respectively, then h corresponds to a homomorphism B′ → B compatible with
g and g¯. If h(A) is bijective for all A, the induced homomorphism B′⊗ˆΛ′Λ→ B is
an isomorphism.
Definition 3.10. Assume that p is nilpotent inK = Λ/I as above. For a p-divisible
group G over K let
DefG : NilΛ/K → (sets)
be the deformation functor ofG. This means that DefG(A) is the set of isomorphism
classes of p-divisible groups G′ over A together with an isomorphism G′⊗AK ∼= G.
Let tG = Lie(G
∨)⊗K Lie(G).
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Proposition 3.11. The functor DefG is pro-represented by a complete Λ-algebra
B. Explicitly, if t˜ is a projective Λ-module which lifts tG, then B is isomorphic to
the complete symmetric algebra Λ[[t˜∗]].
We note that Lemma 2.15 gives a universal p-divisible group over B.
Proof. The functor DefG satisfies (3.1)-(3.5) with tangent space tG because for a
surjective homomorphism A′ → A in NilΛ/K whose kernel N is a K-module of
square zero and for H ∈ DefG(A), the set of lifts of H to A′ is a principally
homogeneous set under the K-module tG ⊗K N by [Me1]. 
Remark 3.12. Let g : Λ′ → Λ over g¯ : K ′ → K be as in Remark 3.9 such that p is
nilpotent in K ′. Let G over K be the base change of a p-divisible group G′ over
K ′. For A in NilΛ/K we have a natural map
DefG′(A×K K ′)→ DefG(A).
This map is bijective, and its inverse is a homomorphism DefG → DefG′ over g in
the sense of 3.9. If B and B′ pro-represent DefG and DefG′ , respectively, we get
an isomorphism B′⊗ˆΛ′Λ ∼= B.
Definition 3.13. Assume that K = Λ/I is an admissible ring. For a Dieudonne´
display P over K we denote by
DefP : NilΛ/K → (sets)
the deformation functor of P. Let tP = Hom(Q/IKP, P/Q).
We are mainly interested in the case where K is perfect and Λ = W (K). Then
Dieudonne´ displays over K are displays because W(K) =W (K).
Proposition 3.14. The functor DefP is pro-represented by a complete Λ-algebra
B. Explicitly, if t˜ is a projective Λ-module which lifts tP , then B is isomorphic to
the complete symmetric algebra Λ[[t˜∗]].
We note that Lemma 2.16 gives a universal Dieudonne´ display over B.
Proof. The functor DefP satisfies (3.1)-(3.5) with tangent space tP because for
a surjective homomorphism A′ → A in NilΛ/K whose kernel N is a K-module of
square zero and for P ′ ∈ DefP(A), the set of lifts of P ′ to A′ is a principally
homogeneous set under the K-module tP ⊗K N by Corollary 2.10. 
Remark 3.15. Let g : Λ′ → Λ over g¯ : K ′ → K be as in Remark 3.9 such that K
and K ′ are admissible rings. Assume that P is the base change of a Dieudonne´
display P ′ over K ′. If B and B′ represent DefP and DefP′ , respectively, then
B′⊗ˆΛ′Λ ∼= B. This is analogous to Remark 3.12.
3.3. Crystals and frames. Let F = (S, I, R, σ, σ1) be a frame as in 2.1 such that
S and R are p-adically complete, S has no p-torsion, I carries divided powers, and
σ = pσ1 on I. Thus (S, σ) is a frame for each R/p
nR in the sense of [Zi3]. By
a well-known construction, the crystalline Dieudonne´ functor allows to associate
to a p-divisible group over R an F -window; this is explained in the proof of [Zi3,
Theorem 1.6] for the Dieudonne´ crystal of a nilpotent display, and in [Ki1, Ki2] for
p-divisible groups.
The construction goes as follows. First, one can define a filtered F -V -module;
here it is not necessary to assume that S has no p-torsion.
Construction 3.16. Let F = (S, I, R, σ, σ1) be a frame such that S and R are
p-adically complete, I is equipped with divided powers δ which are compatible with
the canonical divided powers of p, and σ = pσ1 on I. Let δ
′ be the divided powers
on I ′ = I + pS which extend δ and the canonical divided powers of p. We assume
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that σ preserves δ′, which is automatic if S has no p-torsion. Then one can define
a functor
Φo : (p-divisible groups over R)→ (filtered F -V -modules over F)
G 7→ (P,Q, F ♯, V ♯)
as follows. Let R0 = R/pR and let σ0 be its Frobenius endomorphism. For a
given p-divisible group G over R put P = D(G)S/R = D(G0)S/R0 , where D(G) is
the covariant2 Dieudonne´ crystal of G, and let Q be the kernel of the natural map
P → Lie(G). Since σ preserves δ′, there is a natural isomorphism
P (σ) ∼= D(σ∗0G0)S/R0 .
Thus we can define V ♯ : P → P (σ) to be induced by the Frobenius F : G0 → σ∗0G0
and F ♯ : P (σ) → P to be induced by the Verschiebung V : σ∗0G0 → G0.
In the second step one associates F1.
Proposition 3.17. Let F be a frame as in the beginning of 3.3. For a p-divisible
group G over R let Φo(G) = (P,Q, F ♯, V ♯) be the filtered F -V -module over F given
by Construction 3.16. There is a unique F1 : Q → P such that (P,Q, F, F1) is an
F-window, and it gives back V ♯ by the functor of Lemma 2.3.
Proof. We have functors (P,Q, F, F1) 7→ (P,Q, F ♯, V ♯) 7→ (P,Q, F ♯), which are
fully faithful; see Lemma 2.3. Thus we have to show that F (Q) lies in pP so that
F1 = p
−1F is well-defined, that F1(Q) generates P , and that the pair (P,Q) admits
a normal decomposition. Since R and S are p-adically complete and since the kernel
of S/pS → R/pR is a nil-ideal due to its divided powers, all projective R-modules
of finite type lift to S. Thus a normal decomposition exists. The existence of F1
and the surjectivity of its linearisation are proved in [Ki1, Le. A.2] if S is local
with perfect residue field, but the proof can be easily adapted to the general case.
To prove surjectivity, for each maximal ideal of S, which necessarily comes from a
maximal ideal m of R, we choose an embedding of R/m into a perfect field k. There
is a ring homomorphism α : S → W (k) which lifts R → k such that fα = ασ; it
can be constructed as S → W (S)→ W (k). Then α is a homomorphism of frames
F → Wk, and the assertion is reduced to the case of Wk, which is classical. 
Remark 3.18. The surjectivity of F1 in the proof of Proposition 3.17 can also be
deduced from the crystalline duality theorem. Let P = L⊕ T be a normal decom-
position and let Ψ : P → P be given by F1 on L and by F on T . We have to
show that the linearisation Ψ♯ : P (σ) → P is an isomorphism. Let (P ′, Q′, F ′, F ′1)
be the quadruple associated to the Cartier dual G∨. The duality theorem gives a
perfect pairing P × P ′ → S such that 〈F (x), F ′(x′)〉 = pσ〈x, x′〉. It follows that
〈F (x), F ′1(x′)〉 = σ〈x, x′〉 and 〈F1(x), F ′(x′)〉 = σ〈x, x′〉 whenever this makes sense.
The unique decomposition P ′ = L′ ⊕ T ′ with 〈L,L′〉 = 0 = 〈T, T ′〉 is a normal
decomposition of P ′, and the dual of the associated Ψ′♯ is an inverse of Ψ♯.
3.4. The Dieudonne´ display associated to a p-divisible group. For an ad-
missible ring R with p ≥ 3 we consider the Dieudonne´ frame DR defined in Lemma
2.5. The ring W(R) is p-adically complete by the remark preceding Proposition
1.14. By Lemma 1.17 the ideal IR carries natural divided powers compatible with
the canonical divided powers of p, and the induced divided powers on the kernel
2 This differs from the notation of [BBM], where D(G) is contravariant. One can switch between
the covariant and contravariant crystals by passing to the dual of G or of D(G), which amounts
to the same by the crystalline duality theorem [BBM, 5.3].
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of W(R)→ R/pR are preserved by the Frobenius. Thus Construction 3.16 gives a
functor
ΦoR : (p-divisible groups over R)→ (filtered F -V -modules over DR)
which is compatible with base change in R.
Theorem 3.19. For each admissible ring R with p ≥ 3 there is a unique functor
ΦR : (p-divisible groups over R)→ (Dieudonne´ displays over R)
which is compatible with base change in R such that the filtered F -V -module over DR
associated to ΦR(G) is equal to Φ
o
R(G). In particular there is a natural isomorphism
Lie(G) ∼= Lie(ΦR(G)).
Proof. Clearly ΦoR(G) = (P,Q, F
♯, V ♯) is functorial in R and G. We have to show
that there is a unique operator F1 : Q → P which is functorial in R and G such
that ΦR(G) = (P,Q, F, F1) is a Dieudonne´ display over R.
Let K = Rred and Λ = W (K). Let G¯ = G ⊗R K and let B be the complete
Λ-algebra which pro-represents the functor DefG¯ on NilΛ/K ; see Proposition 3.11.
Let G be the universal deformation of G over B. If I denotes the kernel of B → K,
we can define
ΦoB(G ) = lim←−
n
ΦoB/In(G ⊗B B/In).
On the other hand, the ring W(B) is p-adically complete by Proposition 1.14.
Therefore we can also define ΦoB(G ) be a direct application of Construction 3.16,
and this agrees with the limit definition. The ring W(B) has no p-torsion because
B has no p-torsion. Thus by Proposition 3.17 there is a unique operator F1 which
makes ΦoB(G ) into a Dieudonne´ display ΦB(G ) over B.
By Proposition 3.5 there is a unique homomorphism B → R of augmented
algebras such that G = G ⊗BR as deformations of G¯. Necessarily we define ΦR(G)
as the base change of ΦB(G ) under B → R. It remains to show that ΦR(G) is
functorial in R and G.
Assume that G is the base change of a p-divisible group G′ over R′ under a
homomorphism of admissible rings R′ → R. Let K ′, Λ′, G¯′, B′, G ′ have the
obvious meaning. We have a natural homomorphism of W (K ′)-algebras B′ → B
together with an isomorphism G ′ ⊗B′ B ∼= G ; see Remark 3.12. By the uniqueness
of F1 over B we see that ΦB(G ) coincides with the base change of ΦB′(G
′). It
follows that ΦR(G) is the base change of ΦR′(G
′).
Assume that u : G → G1 is a homomorphism of p-divisible groups over R. Let
G¯1, B1, G1 have the obvious meaning. We have to show that Φ
o
R(u) commutes
with F1. We may assume that u is an isomorphism because otherwise one can
pass to the automorphism ( 1 0u 1 ) of G ⊕ G1. This reasoning uses that the natural
isomorphism ΦoR(G ⊕ G1) = ΦoR(G) ⊕ ΦoR(G1) preserves the operators F1 defined
on the three modules, which follows from the uniqueness of F1 over the ring which
pro-represents DefG¯×DefG¯1 . An isomorphism u : G→ G1 induces an isomorphism
u¯ : G¯ ∼= G¯1, which gives an isomorphism B ∼= B1 together with an isomorphism
u˜ : G ⊗B B1 ∼= G1 that lifts u¯. By the uniqueness of F1 over B1 it follows that
ΦoB1(u˜) preserves F1. Since u is the base change of u˜ by the homomorphism B1 → R
defined by G1, it follows that Φ
o
R(u) preserves F1 as well. 
In order to analyse the action of the functors ΦR on infinitesimal deformations we
need the following extension of Theorem 3.19. Let (R′ → R, δ) be a divided power
extension of admissible rings with p ≥ 3 which is compatible with the canonical
divided powers of p. Again, the ring W(R′/R) is p-adically complete, and IR′/R
carries natural divided powers compatible with the canonical divided powers of p
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such that f preserves their extension to the kernel of W(R′/R) → R/pR. Thus
Construction 3.16 gives a functor
ΦoR′/R : (p-divisible groups over R)→ (filtered F -V -modules over DR′/R)
which is compatible with base change in the triple (R′ → R, δ).
Theorem 3.20. Assume that p ≥ 3. For each divided power extension of admissible
rings (R′ → R, δ) compatible with the canonical divided powers of p there is a unique
functor
ΦR′/R : (p-divisible groups over R)→ (Dieudonne´ displays for R′/R)
which is compatible with base change in the triple (R′ → R, δ) such that the filtered
F -V -module over DR′/R associated to ΦR′/R(G) is equal to Φ
o
R′/R(G).
Proof. For a given p-divisible group G over R we choose a lift to a p-divisible group
G′ over R′, which exists by [Il, the´ore`me 4.4]. The Dieudonne´ display ΦR′(G
′)
is well-defined by Theorem 3.19, and necessarily ΦR′/R(G) is defined as the base
change of ΦR′(G
′) by the frame homomorphism DR′ → DR′/R. We have to show
that the operator F1 on Φ
o
R′/R(G) defined in this way does not depend on the
choice of G′. If this is proved it follows easily that ΦR′/R(G) is functorial in G and
in (R′ → R, δ); here instead of arbitrary homomorphisms of p-divisible groups it
suffices to treat isomorphisms.
Let K, Λ, G¯, B, G be as in the proof of Theorem 3.19. We have an isomorphism
B ∼= Λ[[t]] for a finitely generated projective Λ-module t. Let C = B⊗ˆΛB. The
automorphism τ = ( 1 10 1 ) of t⊕ t defines an isomorphism
C = Λ[[t⊕ t]] τ−→ Λ[[t⊕ t]] = B[[tB]]
under which the multiplication homomorphism µ : C → B corresponds to the
augmentation B[[tB ]] → B defined by tB 7→ 0. Let I be the kernel of B → K, let
S be the divided power envelope of the ideal tBB[[tB ]] ⊆ B[[tB]], and let C′ be the
I-adic completion of S. By Lemma 1.13, µ extends to a divided power extension
of admissible topological rings µ′ : C′ → B which is topologically compatible with
the canonical divided powers of p.3
Assume that G1 and G2 are two lifts of G to p-divisible groups over R
′. Let
G1 and G2 be the p-divisible groups over C which are the base change of G by the
two natural homomorphisms B → C. By Proposition 3.5 there are well-defined
homomorphisms α¯ : B → R and α : C → R′ such that G = G ⊗B,α¯ R and
Gi = Gi ⊗C,α R′ as deformations of G¯. We have a commutative diagram of rings
C //
α
))
µ
##❋
❋
❋
❋
❋
❋
❋
❋
❋
C′
α′
//❴❴❴❴
µ′

R′

B
α¯ // R
where α′ is constructed as follows. There is a unique homomorphism α′′ : S → R′
which extends α and which commutes with the divided powers on the kernel of
S → B and of R′ → R. Each of the two homomorphisms B → C → R′ factors over
B/In for some n. Thus α′′ induces a homomorphism S/InS → R′, which gives the
3 The construction of C′ seems to depend on choosing one of the two natural maps B → C,
but actually it is independent of the choice as the I-adic topologies defined on S by these two
maps coincide.
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required α′. We obtain the following commutative diagram of frames, where ι is
given by C → C′, and ι′ is given by the identity of R′.
DC
ι //
α

DC′/B
α′

DR′
ι′ // DR′/R
We have to show that the isomorphism of filtered F -V -modules over DR′/R
(3.6) ι′∗(Φ
o
R′(G1))
∼= ΦoR′/R(G) ∼= ι′∗(ΦoR′(G2))
commutes with the operator F1 defined on the outer terms by the functor ΦR′ .
The construction of Φo can be extended to topological divided power extensions of
admissible topological rings by passing to the projective limit. Then (3.6) arises by
α′∗ from the natural isomorphism of filtered F -V -modules over DC′/B
(3.7) ι∗(Φ
o
C(G1))
∼= ΦoC′/B(G ) ∼= ι∗(ΦoC(G2)).
Since α∗ preserves F1 it suffices to show that (3.7) commutes with the operators
F1 defined on the outer terms by the functor ΦC . This follows from the relation
pF1 = F because W(C
′/B) has no p-torsion by Lemma 1.13. 
Corollary 3.21. Assume that p ≥ 3. For a p-divisible group G over an admissible
ring R with associated Dieudonne´ display P = ΦR(G) there is a natural isomor-
phism of crystals on Crisadm(R/Zp)
D(G) ∼= D(P)
which is compatible with the natural isomorphism Lie(G) ∼= Lie(P).
The category Crisadm and the crystal D(P) were defined in 2.6.
Proof. Let (R′ → R, γ) be a divided power extension of admissible rings with
p ≥ 3 compatible with the canonical divided powers of p. The Dieudonne´ display
ΦR′/R(G) given by Theorem 3.20 is the unique lift of P under the crystalline frame
homomorphism DR′/R → DR. By the construction of the underlying filtered F -
V -module ΦoR′/R(G) and by the definition of the crystal K(P) in 2.6 we obtain a
natural isomorphism of W(R′/R)-modules
D(G)W(R′)/R ∼= K(P)R′/R.
The tensor product with the projection W(R′/R) → R′, which is a homomor-
phism of divided power extensions of R, gives a natural isomorphism of R′-modules
D(G)R′/R ∼= D(P)R′/R which is compatible with the natural isomorphism Lie(G) ∼=
Lie(P). 
Now Theorem B for odd primes can be deduced quite formally:
Corollary 3.22. Assume that p ≥ 3. For a p-divisible group G over an admissible
ring R with associated Dieudonne´ display P = ΦR(G) there is a natural isomor-
phism of crystals on Crisadm(R)
D(G) ∼= D(P)
which is compatible with the natural isomorphism Lie(G) ∼= Lie(P).
Here the covariant Dieudonne´ crystal D(G) can be defined for divided power
extensions that are not necessarily compatible with the canonical divided powers
of p by [MM, Ch.II §9]; see also [BBM, §
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Proof. Let D′(G) = D(ΦR(G)). Consider a divided power extension R
′ → R of
admissible rings which need not be compatible with the canonical divided powers
of p. We claim that for two lifts G1 and G2 of G to R
′ the following diagram of
natural isomorphisms commutes.
(3.8) D(G2)R′/R′
∼

D(G)R′/R
∼oo ∼ // D(G1)R′/R′
∼

D′(G2)R′/R′
∼ // D′(G)R′/R D
′(G1)R′/R′
∼oo
This gives a well-defined isomorphism α(G) : D(G)R′/R ∼= D′(G)R′/R. It is easy
to see that α(G) is compatible with the natural isomorphism Lie(G) ∼= Lie(P), that
α(G) is functorial in the divided power extension R′ → R and that α(G ⊕ H) =
α(G) ⊕ α(H). In order to show that α is functorial in G it suffices to consider
isomorphisms. So let u : G → H be an isomorphism of p-divisible groups over R.
We can choose lifts G1 of G and H1 of H to R
′ such that u extends to u˜ : G1 → H1.
Then the following diagram shows that α commutes with u.
D(G)R′/R
∼ //
D(u)

D(G1)R′/R′
∼ //
D(u˜)

D′(G1)R′/R′
∼ //
D′(u˜)

D′(G)R′/R
D′(u)

D(H)R′/R
∼ // D(H1)R′/R′
∼ // D′(H1)R′/R′
∼ // D′(H)R′/R
It remains to show that (3.8) commutes. Let K,Λ, G¯, B be as in the proof
of Theorem 3.19. Let C = B⊗ˆΛB and C′ be as in the proof of Theorem 3.20
so that the multiplication homomorphism µ : C → B extends to a topological
divided power extension µ′ : C′ → B of admissible topological rings without p-
torsion which is topologically compatible with the canonical divided powers of p.
We have homomorphisms B → R defined by G and C → R′ defined by (G1, G2),
which extend to a homomorphism of divided power extensions from (C′ → B) to
(R′ → R). Thus (3.8) is the base change of a similar diagram for (C′ → B), which
commutes by Corollary 3.21. 
3.5. A v-stabilised variant. Let R be an admissible ring with p = 2. The v-
stabilised Zink ring W+(R) considered in 1.4 and in 2.5 is 2-adically complete, and
its ideal I+R carries natural divided powers which are compatible with the canonical
divided powers of 2. The proof of Theorem 3.19 with W+ in place of W shows the
following.
Proposition 3.23. For each admissible ring R with p = 2 there is a unique functor
Φ+R : (2-divisible groups over R)→ (D+R -windows)
which is compatible with base change in R such that the filtered F -V -module over
D
+
R associated to Φ
+
R(G) is given by Construction 3.16. 
Corollary 3.24. For each admissible ring R with p = 2 and 2R = 0 there is a
unique functor
ΦR : (2-divisible groups over R)→ (Dieudonne´ displays over R)
which is compatible with base change in R such that the filtered F -V -module over
DR associated to ΦR(G) is given by Construction 3.16.
Proof. Proposition 3.23 gives the functors ΦR since D
+
R = DR when 2R = 0. The
uniqueness follows as in the proof of Theorem 3.19, using B/2B instead of B. 
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Let (R′ → R, δ) be a divided power extension of admissible rings with p = 2
which is compatible with the canonical divided powers of 2. The ring W+(R′/R) is
2-adically complete, and its ideal I+R′/R carries natural divided powers compatible
with the canonical divided powers of 2. The proof of Theorem 3.20 with W+ in
place of W gives the following.
Proposition 3.25. For each divided power extension of admissible rings (R′ →
R, δ) with p = 2 such that δ is compatible with the canonical divided powers of 2
there is a unique functor
Φ+R′/R : (2-divisible groups over R)→ (D+R′/R-windows)
which is functorial in the triple (R′ → R, δ) such that the filtered F -V -module over
D
+
R′/R associated to Φ
+
R′/R(G) is given by Construction 3.16. 
The proof of Corollary 3.21 then shows the following.
Corollary 3.26. Assume that p = 2. For a 2-divisible group G over an admissible
ring R with associated v-stabilised Dieudonne´ display P+ = Φ+R(G) there is a
natural isomorphism of crystals on Crisadm(R/Z2)
D(G) ∼= D+(P+)
which is compatible with the natural isomorphism Lie(G) ∼= Lie(P+). 
There is no analogue of Corollary 3.22 for Φ+R because D
+(P+) is only a crystal
on Crisadm(R/Z2) and not on Crisadm(R); but see Corollary 4.10.
4. From 2-divisible groups to Dieudonne´ displays
In this section we construct a functor ΦR from p-divisible groups over an admis-
sible ring R with p = 2 to Dieudonne´ displays. When 2R = 0 this has been done in
the previous section, and the extension to all R is unique, as will be shown in the
end of this section. The construction relies on the following definition of divided
powers on the ideal IR ⊆W(R) when 4R = 0.
4.1. Divided powers on Zink rings. We note that for a Z(2)-algebra B and an
ideal b ⊆ B, divided powers on b are equivalent to a map γ : b→ b such that
γ(xy) = x2γ(y) for x ∈ B and y ∈ b,(4.1)
γ(x+ y) = γ(x) + xy + γ(y) for x, y ∈ b.(4.2)
Here (4.1) and (4.2) also give 2γ(x) = x2 for x ∈ b since we can calculate
4γ(x) = γ(2x) = γ(x+ x) = 2γ(x) + x2.
For an admissible ring R with p = 2, the canonical divided powers on the ideal
IR ⊆ W (R) defined by γ(v(a)) = v(a2) induce divided powers on IR ⊆W(R) only
if 2R = 0; see 1.7. Using v instead of v we get a little further.
Proposition 4.1. For an admissible ring R with p = 2 we consider the map
γ : IR → IR, γ(v(a)) = v(a2).
If 4R = 0, then γ defines divided powers on IR which are compatible with the
canonical divided powers of 2, and the corresponding extension of γ to IR+2W(R)
is stable under the Frobenius f of W(R).
If 8R = 0, let U ⊆ W(R) be the set of all Witt vectors of the form v([x]) =
(0, x, 0, . . .) with x ∈ 4R. This is an ideal. Let S˜ = W(R)/U . Then γ induces
divided powers on the ideal IR/U of S˜, which can naturally be extended to divided
powers on IR/U + 2S˜ that commute with the endomorphism σ on S˜ induced by f ,
and the extended divided powers stabilise the ideal 2S˜.
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Proof. We will only consider the case 8R = 0 and show that the extended divided
powers satisfy γ(2) = 2− [4]. Then the case 4R = 0 follows.
Since 4R is an ideal of square zero we have Wˆ (4R) = (4R)(N) as W (R)-modules
where W (R) acts on the i-th component of the right hand side by the i-th Witt
polynomial wi, and f annihilates Wˆ (4R). Thus U is an ideal of W(R), and f
induces σ : S˜ → S˜. Let us show that γ factors over a map IR/U → IR. Indeed, for
a ∈W(R) and x ∈ 4R we have
γ(v(a) + v([x])) = γ(v(a) + v([x])) = v((a+ [x])2) = v(a2) = γ(v(a));
here v([x]) = v([x]) because u0 maps to 1 in W (F2) and thus u0[x] = [x]. Let us
verify Axiom (4.1) for the map γ : IR → IR. For a, b ∈W(R) we have
γ(av(b)) = γ(v(f(a)b)) = v(f(a2)b2) = a2v(b2) = a2γ(v(b)).
Consider now Axiom (4.2). For a, b ∈W(R) we calculate
γ(v(a) + v(b)) = v((a+ b)2) = γ(v(a)) + v(2ab) + γ(v(b))
so that v(2ab) has to be related with v(a)v(b), which is
v(a)v(b) = v(u0a)v(u0b) = v(2u
2
0ab) = v(2u0ab).
Since 2u0 = 2− [4] we get
v(2ab)− v(a)v(b) = v([4]ab) = v([4a0b0]) ∈ U.
Thus (4.2) holds for γ : IR/U → IR/U , and γ defines divided powers on this ideal.
We want to extend these to divided powers on the ideal
I˜ = IR/U + 2S˜ = IR/U + Wˆ (2R)/U.
Let
b = {(2a0, 4a1, 0, . . .) | ai ∈ R} ⊆ Wˆ (2R).
This is an ideal of W(R) with IR ∩ b = U , and we have
I˜ = IR/U ⊕ b/U.
Thus the extension of γ to I˜ corresponds to giving arbitrary divided powers on
b/U ∼= 2R. We take γ([2a]) = [−2a2] for a ∈ R. Using v(1) = 2− [2] we obtain
γ(2) = γ([2] + v(1)) = [−2] + v(1) = [−2] + 2− [2] = 2− [4]
in S˜ as announced. Let us show that γσ = σγ on I˜: For a ∈W(R) we have
γσ(v(a)) = γ((2− [4])a) = γ(2− [4])a2 = γ(2)a2
= (2− [4])a2 = σ(v(a2)) = σγ(v(a)).
Finally we have [4] = 2[2] in b/U , which implies that γ(2) ∈ 2S˜. This finishes the
proof of Proposition 4.1. 
Remark 4.2. The proof shows that the extension of γ is uniquely determined by the
condition that it commutes with σ. By choosing γ([2a]) = [2a2] we get an extension
with γ(2) = 2 but which does not commute with σ.
Let R be an admissible ring with 4R = 0. Proposition 4.1 implies that its
Dieudonne´ frame DR satisfies the hypotheses of Construction 3.16 so that we obtain
a functor
ΦoR : (2-divisible groups over R)→ (filtered F -V -modules over DR).
However, we cannot argue as in Theorem 3.19 in order to get a DR-window because
the divided powers on IR do not exist for universal deformation rings, and thus
Proposition 3.17 cannot be applied directly. The following modification will be
sufficient for our purpose.
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4.2. A frame lift. Assume we are given a strict frame homomorphism
F ′ = (S′, I ′, R′, σ′, σ′1) π−→ F = (S, I, R, σ, σ1)
such that π : S′ → S and I ′ → I are surjective, and an ideal U ⊆ Ker(π) which is
stable under σ′. Let
S˜ = S′/U, J = Ker(π)/U, I˜ = Ker(S˜ → R),
thus S = S˜/J and R = S˜/I˜. Let σ˜ : S˜ → S˜ be the homomorphism induced by σ′,
let θ′ ∈ S′ be the element defined by the relation σ′ = θ′σ′1 on I ′, and let θ˜ ∈ S˜
and θ ∈ S be its images. We assume that F satisfies the conditions of Construction
3.16, i.e. S and R are p-adically complete, I carries divided powers compatible with
the canonical divided powers of p and with σ, and θ = p. Then Construction 3.16
gives a functor
Φo : (p-divisible groups over R)→ (filtered F -V -modules over F).
We also assume that the following conditions are satisfied.
(4.3) We have σ˜(J) = 0 and J = {x ∈ S˜ | px = 0}.
(4.4) We have θ˜ = pu˜ for a unit u˜ ∈ S˜.
(4.5) The ideal I˜ + pS˜ is equipped with divided powers which lift the given
divided powers on I+pS, which commute with σ˜, and which stabilise the
ideal pS˜.
(4.6) There is an ideal a ⊆ S with σ(a) ⊆ a ⊆ RadS such that the ring S/a
has no p-torsion.
If S has no p-torsion one can take F ′ = F and all axioms are clear. The following
extends Proposition 3.17. Note that the prime p is arbitrary here.
Proposition 4.3. In this situation there is a well-defined functor
Φ : (p-divisible groups over R)→ (F-windows)
such that for Φo(G) = (P,Q, F ♯, V ♯) the filtered F -V -module associated to Φ(G) is
equal to (P,Q, F ♯, uV ♯) where u ∈ S is the image of u˜ ∈ S˜.
Proof. Conditions (4.3) and (4.4) imply that multiplication by θ˜ on S˜ induces an
injective map θ˜ : S → S˜ with image θ˜S˜ = pS˜. Moreover σ˜ induces a homomorphism
σ˜ : S → S˜ that lifts σ. The relation θ′σ′1 = σ′ on I ′ gives θ˜◦σ1 = σ˜ as maps I → S˜.
Let G be a p-divisible group over R and let Φo(G) be as above, i.e.
P = D(G)S/R = D(GR0)S/R0
with R0 = R/pR, the submodule Q ⊆ P is the kernel of P → LieG, and F ♯
and V ♯ are induced by the Verschiebung and Frobenius of GR0 . The proof of
[Ki1, A2] shows that F (Q) ⊆ pP . Let us recall the argument: For S0 = S/pS,
the kernel of S0 → R0 is a nil-ideal because it carries divided powers. By [Il,
the´ore`me 4.4] there is a lift GS0 of GR0 to S0, and we have P = D(GS0)S/S0 . Let
Q1 = Ker(P → LieGS0). Then Q ⊆ Q1 + IP , and the image of F applied to both
summands lies in pP .
Since pJ = 0 and S is p-adically complete, so is S˜. By (4.5) we can define
P˜ = D(G)S˜/R = D(GR0)S˜/R0 .
Here we use the (dual of the) Dieudonne´ crystal of [MM, Ch.II §9], which is defined
for divided power extensions that are not necessarily compatible with the canonical
divided powers of p; see also [BBM, §1.4]. Let Q˜ ⊆ P˜ be the kernel of P˜ → LieG;
this is the inverse image of Q under the projection P˜ → P˜ /JP˜ = P . Again,
the Verschiebung and Frobenius of GR0 induce S˜-linear maps F˜
♯ : P˜ (σ˜) → P˜ and
V˜ ♯ : P˜ → P˜ (σ˜). Since the divided powers stabilise the ideal pS˜, the argument of
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[Ki1, A2] again shows that F˜ (Q˜) ⊆ pP˜ = θ˜P˜ , where F˜ : P˜ → P˜ is the σ˜-linear map
corresponding to F˜ ♯. Since σ˜ annihilates J , the map F˜ induces a map F˜ : P → P˜
which lifts F . Let F1 : Q→ P be the composition
F1 : Q
F˜−−→ θ˜P˜ θ˜←−−
∼
P
i.e. F1 = θ˜
−1◦F˜ . We define Φ(G) = (P,Q, F, F1). In order that this is an F -window
we have to verify that
(i) for x ∈ P and a ∈ I we have F1(ax) = σ1(a)F (x);
(ii) the image F1(Q) generates P .
Moreover, uV ♯ is the operator associated to Φ(G) as we have claimed if and only if
(iii) for x ∈ Q we have uV ♯(F1(x)) = 1⊗ x in P (σ).
The equation in (i) is equivalent to F˜ (ax) = θ˜(σ1(a)F (x)). Since F˜ (ax) = σ˜(a)F˜ (x)
and σ˜ = θ˜ ◦ σ1 this is clear. To prove (ii) it suffices to show that for each maximal
ideal m of R and a perfect field extension R/m ⊆ k the vector space P˜ ⊗S˜ k is
generated by F1(Q). Using (4.6) we get a sequence of σ-equivariant maps S →
S˜/a → W (S˜/a) → W (k); the second arrow exists uniquely since S˜/a has no p-
torsion and carries a Frobenius lift induced by σ˜; see [Bou, IX, §1.2, Prop. 2]
and the explanation following [Zi3, Th. 4]. By functoriality we are reduced to
the case where F ′ = F = Wk, which is classical. Assertion (iii) is equivalent to
u˜V˜ ♯(F˜ (x)) = θ˜(1⊗x) for x ∈ Q, which holds since V˜ ♯(F˜ (x)) = p(1⊗x) in P˜ (σ˜) for
all x ∈ P˜ . 
Now we construct an example for Proposition 4.3 with p = 2. Let Ared be
a perfect ring of characteristic 2 and let A = W (Ared)[[t]] where t is a finitely
generated projective W (Ared)-module. Let m = (2, t) be the kernel of A → Ared.
We write An = A/2
nA and An+ = A/2
nm. Only the rings
A2+ → A1+ → A1
will play a role. We consider the frames F ′ = DA2+→ F = DA1+ , i.e.:
S = W(A1+) I = IA1+ R = A1+
S′ = W(A2+) I
′ = IA2+ R
′ = A2+
Then θ′ = 2 − [4] in S′ and thus θ = 2 in S. Let U ⊆ S′ be the ideal of all Witt
vectors v([x]) with x ∈ 4A2+ and let S˜ = S′/U . As above we write
J = Ker(S˜ → S) = Wˆ (2m/4m)/U
and
I˜ = Ker(S˜ → R) = (I ′ + Wˆ (2m/4m))/U.
Proposition 4.4. These data satisfy the axioms (4.3)-(4.6).
Proof. The divided powers required in (4.5) are given by Proposition 4.1. Since
2m/4m ⊆ A2+ is an ideal of square zero we have
J ′ := Wˆ (2m/4m) = (2m/4m)(N)
as W (A2+)-modules, where W (A2+) acts on the i-th component of the right hand
side via the i-th Witt polynomial. We have σ′(J ′) = 2J ′ = 0 and J = J ′/U . Thus
σ˜ : S˜ → S˜ is defined and vanishes on J , and 2J = 0.
Lemma 4.5. Multiplication by 2 induces an isomorphism of groups
Wˆ (2A1+)
∼−→ Wˆ (4A2+)/U.
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Proof. The divided Witt polynomials for the canonical divided powers of 2 give an
isomorphism Log : W (2A) ∼= 2AN. The composition
W (2A)
Log−−→ 2AN → (2A/4A)N
is given by (2a0, 2a1, . . .) 7→ 2[a0, a20 + a1, a21 + a2, . . .], while the composition
W (4A)
Log−−→ 4AN → (4A/8A)N
is simply (4a0, 4a1, . . .) 7→ 4[a0, a1, . . .]. It follows that the homomorphism of the
lemma is isomorphic to the homomorphism
A
(N)
red → A(N)red, (a0, a1, . . .) 7→ (a0, a21 + a2, a22 + a3, . . .).
Since Ared is perfect this map is bijective. 
Let us continue in the proof of Proposition 4.4. To verify (4.3) let x ∈ S˜ with
2x = 0. Since W(A1) has no 2-torsion we have x ∈ Wˆ (2A2+)/U . Lemma 4.5
implies that x ∈ J , and (4.3) is proved. Let u = 1− [2] in W(A2+), which is a unit.
By the proof of Lemma 4.5 we have 2u = 2− (4, 4, 0, . . .) ≡ 2− [4] = θ′ modulo U ,
which proves (4.4). In (4.6) we can take a = Wˆ (2A1+). 
4.3. The Dieudonne´ display associated to a 2-divisible group. Let p = 2
and let u = 1 − [2] in W(Z2). We begin to construct the functor ΦR in an initial
case. Recall that ΦoR was defined in the end of 4.1 when 4R = 0.
Proposition 4.6. For each admissible ring R with p = 2 and 2NR = 0 there is a
functor
ΦR : (2-divisible groups over R)→ (DR-windows)
compatible with base change in R such that for ΦoR(G) = (P,Q, F
♯, V ♯) the filtered
F -V -module associated to ΦR(G) is equal to (P,Q, F
♯, uV ♯).
Proof. This is similar to the proof of Theorem 3.19. Propositions 4.3 and 4.4 give
the desired system of functors ΦR for topological admissible rings R of the type
R = A1+ as above. For a p-divisible group G over an admissible ring R as in the
proposition let Λ = W (Rred) and G¯ = G ⊗R Rred. Let A be the Λ-algebra that
pro-represents the functor DefG¯ on NilΛ/K (this A was denoted by B in section
3), let G over A be the universal deformation, and let G1+ = G ⊗A A1+. The
unique homomorphism of Λ-algebras A→ R with G = G ⊗A R as deformations of
G¯ factors over a homomorphism A1+→ R, and we define ΦR(G) as the base change
of ΦA1+(G1+) under this map. We have to show that the operator F1 attached to
ΦoR(G) in this way is functorial in G and in R. This is analogous to the proof of
Theorem 3.19, using that F1 is functorial with respect to homomorphisms of rings
of the type A1+. 
For an admissible ring R let i : DR → D+R be the natural homomorphism.
Proposition 4.7. Let R be an admissible ring with p = 2 and 2NR = 0. For each
2-divisible group G over R there is a natural isomorphism of D+R -windows
Φ+R(G)
∼= i∗ΦR(G).
The functor Φ+R was defined in Proposition 3.23.
Proof. Let us write ΨR(G) = i∗ΦR(G) so that we have two functors
Φ+R,ΨR : (2-divisible groups over R)→ (D+R -windows).
When 2R = 0, thus DR = D
+
R , these functors coincide by the uniqueness assertion
of Corollary 3.24. The rest is quite formal. Let R1 = R/2R. For a p-divisible group
G over R let G1 = G⊗R R1 and G¯ = G⊗R Rred. The canonical divided powers of
2 make R → R1 into a divided power extension. By Corollaries 2.11 and 3.26, the
DIEUDONNE´ DISPLAYS AND CRYSTALLINE DIEUDONNE´ THEORY 31
D
+
R -windows Φ
+
R(G) and ΨR(G) correspond to two lifts of the Hodge filtration of
G to D(G1)R/R1 . Their difference is measured by a homomorphism of R1-modules
h′G : V (G1)→ Lie(G1)⊗R 2R
where V (G) is the kernel of D(G)R → Lie(G). We have to show that h′G is zero for
all G. Since h′G is functorial in R we may assume that R = A1+/m
n for some n ≥ 2
where A is the universal deformation ring of G¯. Then 2R is a free Rred-module of
rank one, so h′G corresponds to an element
hG ∈ Hom(V (G¯),Lie(G¯)).
Now an injective homomorphism Rred → R′red gives an injective homomorphism of
the associated rings R → R′, while a product decomposition Rred =
∏
Ri,red gives
R =
∏
Ri. Since Rred embeds into the product of its localisations at minimal prime
ideals we may assume that k := Rred is a field. There is a deformation G¯
′ of G¯ over
R′red := k[[x]]
per with ordinary generic fibre. Let A′ be its universal deformation
ring and let G′ over R′ = A′1+/m
n be given by the universal deformation. By
functoriality it suffices to show that hG′ = 0. Again we can pass to the field
of fractions k((x))per . Thus we are left to show that hG = 0 if G is ordinary over
R = A1+/m
n where k = Rred is a perfect field. There is a deformationG
′′ ofGk over
R′′ := W2(k) which decomposes into the direct sum of its e´tale and multiplicative
part. Let R → R′′ be the unique homomorphism such that G′′ = G ⊗R R′′ as
deformations of Gk. Since this does not change hG we may replace G by G
′′.
Since ΨR and Φ
+
R both preserve direct sums we may assume that G is e´tale or of
multiplicative type. Then hG vanishes since Hom(V (G¯),Lie(G¯)) is zero. 
Lemma 4.8. Let R be an admissible ring with p = 2 and let R1+ = R/2NR. The
commutative diagram of frames
DR
i //

D
+
R

DR1+
i // D
+
R1+
is Cartesian on each component of the frames, and the associated diagram of window
categories is 2-Cartesian.
Proof. The vertical arrows are surjective, and the horizontal arrows are injective
with equal cokernel by Lemma 1.10 and its proof. Thus the diagram of frames is
Cartesian on each component. For a ring A let V(A) be the category of projective
A-modules of finite type. The functor
V(W(R))→ V(W+(R))×V(W+(R1+)) V(W(R1+))
is fully faithful since the diagram is Cartesian, and it is essentially surjective since
V(W(R)) → V(W(R1+)) and V(W+(R)) → V(W+(R1+)) are bijective on isomor-
phism classes and surjective on automorphism groups. It follows easily that the
diagram of window categories is 2-Cartesian. 
Theorem 4.9. For each admissible ring R with p = 2 there is a functor
ΦR : (2-divisible groups over R)→ (DR-windows)
compatible with base change in R such that ΦR is given by Proposition 4.6 when
2NR = 0, and such that there is a natural isomorphism of D+R -windows
Φ+R(G)
∼= i∗ΦR(G).
Proof. This is clear from Propositions 3.23 and 4.7 and Lemma 4.8. 
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Corollary 4.10. Let p = 2. For each 2-divisible group G over an admissible ring
R with associated Dieduonne´ display P = ΦR(G) there is a natural isomorphism
of crystals on Crisadm(R)
D(G) ∼= D(P)
which is compatible with the natural isomorphism Lie(G) ∼= Lie(P).
Proof. We have a natural isomorphism of crystals on Crisadm(R/Z2)
D(G) ∼= D(Φ+R(G)) ∼= D(ΦR(G))
by Corollary 3.26, Theorem 4.9, and Lemma 2.12. The isomorphism of crystals on
Crisadm(R) follows as in the proof of Corollary 3.22. 
4.4. Uniqueness of the functor ΦR.
Proposition 4.11. Assume that for each admissible ring R with p = 2 we have a
functor
Φ′R : (2-divisible groups over R)→ (DR-windows)
compatible with base change in R such that Φ′R = ΦR when 2R = 0. Then there is
a natural isomorphism Φ′R
∼= ΦR which is functorial in R and equal to the identity
when 2R = 0.
Proof. We first show that Φ′R
∼= ΦR when 4R = 0. Let R1 = R/2R. For a
p-divisible group G over R let G1 = G⊗R R1 and let
P1 = ΦR1(G1) = (P,Q, F, F1)
be its Dieudonne´ display. If we take the trivial divided powers on the ideal 2R,
Corollary 2.10 implies that the difference between ΦR(G) and Φ
′
R(G) as lifts of P1
is measured by a homomorphism
h′G : Q/IR1P → P/Q⊗R1 2R.
Let V (G) = Lie(G∨)∨. By Corollary 3.24 and by the construction of ΦoR(G) we can
view h′G as a homomorphism
hG : V (G1)→ Lie(G1)⊗R1 2R.
We want to show that hG = 0. We may assume that R = A/(m
n + 4A) where A
is the universal deformation ring of G ⊗R Rred and m is the kernel of A → Rred.
As in the proof of Proposition 4.7 one reduces to the case where k = Rred is a field
and G is ordinary. Assume that G is an extension 0 → µp∞ → G → Qp/Zp → 0.
Then V (G) = V (Qp/Zp) = R and Lie(G) = Lie(µp∞) = R so that hG ∈ 2R. Thus
G 7→ hG defines a map g : Ext1(Qp/Zp, µp∞)→ Ga of functors on the category of
local Artin rings with residue field k and annihilated by 4. It is easy to see that
g is additive. Here Ext1( ) = µp∞ , and it follows that g = 0. This implies easily
that h′G = 0 when G is ordinary. Thus ΦR
∼= Φ′R when 4R = 0. If for some n ≥ 1
we know that ΦR ∼= Φ′R when 2nR = 0, the same reasoning shows that ΦR ∼= Φ′R
when 2n+1R = 0, and the proposition follows. 
5. Equivalence of categories
Let R be an admissible ring. Dieudonne´ displays over Rred are displays, and
they are equivalent to Dieudonne´ modules over Rred by Lemma 2.4. Under this
equivalence, the functor ΦRred corresponds to Φ
o
Rred
.
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Proposition 5.1. For an admissible ring R the following diagram of categories is
2-Cartesian.
(p-divisible groups over R)
ΦR //

(Dieudonne´ displays over R)

(p-divisible groups over Rred)
ΦRred // (Dieudonne´ modules over Rred)
Proof. The category of p-divisible groups (resp. Dieudonne´ displays) over R is the
direct limit of the corresponding categories over all finitely generated W (Rred)-
algebras contained in R; see 3.1. Thus we may assume that the idealNR is nilpotent.
If a ⊆ R is an ideal equipped with nilpotent divided powers and if the proposition
holds for R/a then it holds for R. This follows from the comparison of crystals
in Corollaries 3.21 and 4.10, since lifts from R/a to R of p-divisible groups and of
Dieudonne´ displays are both classified by lifts of the Hodge filtration by [Me1] and
by Corollary 2.10. When a2 = 0 we can take the trivial divided powers on a. The
proposition follows by induction on the order of nilpotence of NR. 
Remark 5.2. Since p-divisible groups and Dieudonne´ displays over a perfect ring
K have universal deformation rings which are twisted power series rings over
Λ = W (K), in order to prove Proposition 5.1 the case R = K[ε] is sufficient. In
particular, for p = 2 this means that as soon as the functors ΦR defined in Corol-
lary 3.24 when 2R = 0 are known to exist for all R, Proposition 5.1 is automatic.
This reasoning does not apply to the functors Φ+R (which also extend the functors
ΦR for 2R = 0 to all R but which are not an equivalence in general) because the
deformation functors of v-stabilised Dieudonne´ displays are not pro-representable.
We have the following result of Gabber, which is classical when Rred is a field.
It is also proved in [La4, Corollary 6.5].
Theorem 5.3. The functor ΦRred is an equivalence of categories. 
Corollary 5.4. For every admissible ring R the functor ΦR is an equivalence of
exact categories.
Proof. By Theorem 5.3 and Proposition 5.1 the functor ΦR is an equivalence of
categories. A short sequence 0 → A → B → C → 0 of p-divisible groups or of
Dieuonne´ displays over R is exact if and only if all its scalar extensions to perfect
fields are exact. Thus ΦR and its inverse preserve exact sequences since this holds
over perfect fields. 
This proves Theorem A. Using Lemmas 2.15 and 2.16 we also get:
Corollary 5.5. For every admissible topological ring R with a countable basis of
topology, p-divisible groups over R are equivalent to Dieudonne´ displays over R. 
Finally we note the following consequence of the crystalline duality theorem.
The duality of windows is recalled in the end of 2.1.
Corollary 5.6. Let G be a p-divisible group over an admissible ring R and let G∨
be its Cartier dual. There is a natural isomorphism
ΦR(G
∨) ∼= ΦR(G)t.
Proof. Assume first that p is odd. The crystalline duality theorem [BBM, 5.3] gives
an isomorphism of filtered F -V -modules ΦoR(G
∨)t ∼= ΦoR(G). Since the functor
from windows to filtered F -V -modules preserves duality, the uniqueness part of
Theorem 3.19 implies that this isomorphism preserves F1, i.e. it is an isomorphism
of Dieudonne´ displays ΦR(G
∨)t ∼= ΦR(G). For p = 2, using the uniqueness part of
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Corollary 3.24 we similarly get an isomorphism of Dieudonne´ displays ΦR(G
∨)t ∼=
ΦR(G) when 2R = 0. Then Proposition 4.11 gives such an isomorphism for all
R. 
6. Breuil-Kisin modules
We recall the main construction of [La3] without restriction on p. Let R be a
complete regular local ring with maximal ideal mR and with perfect residue field k
of characteristic p. Choose a representation R = S/ES with
S =W (k)[[x1, . . . , xr]]
such that E is a power series with constant term p. Let J ⊂ S be the ideal generated
by x1, . . . , xr. Choose a ring endomorphism σ : S → S which lifts the Frobenius
of S/pS such that σ(J) ⊆ J . Let σ1 : ES → S be defined by σ1(Ex) = σ(x) for
x ∈ S. These data define a frame
B = (S, ES, R, σ, σ1).
For each positive integer a let Ra = R/m
a
R and Sa = S/J
a. We have frames
Ba = (Sa, ESa, Ra, σ, σ1)
where σ and σ1 are induced by the corresponding operators of B.
The frames B and Ba are related with the Witt and Dieudonne´ frames of R and
of Ra as follows. Let δ : S → W (S) be the unique lift of the identity of S such
that fδ = δσ, or equivalently wnδ = σ
n for n ≥ 0; see [Bou, IX, §1.2, Prop. 2] and
the explanation following [Zi3, Th. 4]. The composition of δ with the projection
W (S)→W (R) is a ring homomorphism
κ : S→W (R)
which lifts the projection S→ R such that fκ = κσ. The same construction gives
compatible homomorphisms
κa : Sa →W (Ra)
for a ≥ 1, which induce κ in the projective limit. Since the element κ(E) maps to
zero in R it lies in the image of v :W (R)→W (R). Let
u = v−1(κ(E)) = f1(κ(E)).
We will denote the image of u in W (Ra) also by u.
Lemma 6.1. The element u ∈ W (R) is a unit. The homomorphisms κ and κa
are u-homomorphisms of frames κ : B → WR and κa : Ba → WRa .
Proof. Cf. [La3, Proposition 6.1]. Since W (R) → W (k) is a local homomorphism,
in order to show that u is a unit we can work with κ1, i.e. consider the case where
R = k and S = W (k). Then E = p and u = 1. In order that κ and κa are
u-homomorphisms of frames we need that f1κ = u · κσ1. For x ∈ S we calculate
f1(κ(Ex)) = f1(κ(E)κ(x)) = f1(κ(E)) · f(κ(x)) = u · κ(σ(x)) = u · κ(σ1(Ex)) as
required. 
Let σ¯ be the semi-linear endomorphism of the free W (k)-module J/J2 induced
by σ. Since σ induces the Frobenius modulo p, σ¯ is divisible by p.
Proposition 6.2. The following conditions are equivalent.
(i) The image of κ : S→W (R) lies in W(R).
(ii) The image of δ : S→W (S) lies in W(S).
(iii) The endomorphism p−1σ¯ of J/J2 is nilpotent modulo p.
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Remark 6.3. In the special case σ(xi) = x
p
i the conditions of Propsition 6.2 hold.
This is easy to see directly: We have δ(xi) = [xi], which gives (i) and (ii), moreover
(iii) holds since σ¯ is zero.
Proof of Proposition 6.2. For odd p the equivalence between (i) and (iii) is [La3,
Proposition 9.1]; its proof shows that (i)⇒ (iii)⇒ (ii)⇒ (i). The proof also applies
for p = 2 if [La3, Lemma 9.2] is replaced by the following Lemma 6.4. 
Lemma 6.4. For x ∈ S let τ(x) = (σ(x) − xp)/p. Let m be the maximal ideal
of S. For n ≥ 0 the map τ preserves mnJ and induces a σ-linear endomorphism
grn(τ) of the k-module grn(J) = m
nJ/mn+1J . The endomorphism gr0(τ) is equal
to p−1σ¯ modulo p. For n ≥ 1 there is a surjective k-linear map
πn : grn(J)→ gr0(J)
such that gr0(τ)πn = πngrn(τ) and such that grn(τ) vanishes on Ker(πn). In
particular, p−1σ¯ is nilpotent modulo p if and only if gr0(τ) is nilpotent, which
implies that grn(τ) is nilpotent for each n.
Proof. We have σ(J) ⊆ Jp + pJ ⊆ mJ and thus σ(mnJ) ⊆ mn+1J . It follows that
pτ(mnJ) ⊆ pS ∩mn+1J = pmnJ and τ(mnJ) ⊆ mnJ . For x, y ∈ mnJ the element
τ(x+ y)− τ(x)− τ(y) is a multiple of xy and thus lies in m2n+1J . Hence τ induces
an additive endomorphism grn(τ) of grn(J). It is σ-linear because for a ∈ S and
x ∈ mnJ the element τ(ax) − σ(a)τ(x) = τ(a)xp lies in mpnJp ⊆ mn+1J . Let us
write σ(xi) = x
p
i + pyi with yi ∈ J . We have τ(xi) = yi and p−1σ¯(xi) ≡ yi modulo
J2. Thus gr0(τ) coincides with p
−1σ¯ modulo p.
For each n ≥ 0, a basis of grn(J) is given by all elements pbxc with c ∈ Nr
and 1 ≤ |c| ≤ n + 1 and b + |c| = n + 1. Let n ≥ 1 and define πn to be the k-
linear map with πn(p
nxi) = xi and πn(p
bxc) = 0 if |c| > 1. Then grn(τ) vanishes on
Ker(πn) because σ(J) ⊆ mJ , thus σ(J2) ⊆ m2J2, and because for x ∈ mnJ we have
xp ∈ mn+2J . The relation gr0(τ)πn = πngrn(τ) holds since τ(pnxi) ≡ pn−1xpi+pnyi
modulo mn+1(J). The last assertion of the lemma is immediate. 
Lemma 6.5. If the equivalent conditions of Proposition 6.2 hold, then κ and κa
are u-homomorphisms of frames
κ : B → DR, κa : Ba → DRa ,
where the unit u ∈W(R) is given by
u = v−1(κ(E)) = f1(κ(E)).
In W (R) we have u = u if p is odd and u = (v−1(2− [2]))−1u if p = 2.
Proof. The proof of Lemma 6.1 with f1 replaced by f1 shows that u is a unit of
W(R) and that κ and κa are u-homomorphisms of frames as indicated. The relation
between u and u follows from the fact that DR → WR is a u0-homomorphism where
u0 = 1 if p is odd and v(u0) = 2− [2] if p = 2. 
Theorem 6.6. If the equivalent conditions of Proposition 6.2 hold, the frame ho-
momorphisms κ : B → DR and κa : Ba → DRa are crystalline.
Proof. The proof for odd p in [La3, Theorem 9.3] works almost literally for p = 2
as well. Let us recall the essential parts of the argument. Fix an integer a ≥ 1.
One can define a factorisation of the projection Ba+1 → Ba into strict frame
homomorphisms
(6.1) Ba+1
ι−→ B˜a+1 π−→ Ba
such that Ba+1 = (Sa+1, I˜ , Ra, σ, σ˜1). This determines I˜ and σ˜1 uniquely as fol-
lows. Let J¯a = Ja/Ja+1. We have I˜ = ESa+1 + J¯
a and ESa+1 ∩ J¯a = pJ¯a.
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The endomorphism σ¯ of J¯a induced by σ is divisible by pa, and the operator
σ˜1 : I˜ → Sa+1 is the unique extension of σ1 such that σ˜1(x) = p−1σ¯(x) for x ∈ J¯a.
On the other hand, we consider the factorisation
(6.2) DRa+1
ι′−→ DRa+1/Ra π
′−→ DRa
with respect to the trivial divided powers on the kernel maR/m
a+1
R . Then κa+1 is a
u-homomorphism of frames B˜a+1 → DRa+1/Ra . Indeed, the only condition to be
verified is that for x ∈ J¯a we have
(6.3) f˜1(κa+1(x)) = u · κa+1(σ˜1(x))
in the k-vector space Wˆ (maR/m
a+1
R ). On this space u acts as the identity. Let
y = (y0, y1, . . .) in W (J¯
a) be defined by yn = σ˜
n
1 (x). Then δ(x) = y because the
Witt polynomials give wn(y) = p
nσ˜n1 (x) = σ
n(x) = wn(δ(x)) as required. Thus
κa+1(x) is the reduction of y. Since f˜1 acts on Wˆ (m
a
R/m
a+1
R ) by a shift to the
left, the relation (6.3) follows. We obtain compatible u-homomorphisms of frames
κ∗ : (6.1) → (6.2). The homomorphisms π and π′ are crystalline; see the proof of
[La3, Theorem 9.3]. Lifts of windows under ι and under ι′ are both classified by
lifts of the Hodge filtration from Ra to Ra+1 in a compatible way. Thus if κa is
crystalline then so is κa+1, and Theorem 6.6 follows by induction, using that κ1 is
an isomorphism. 
Following the [VZ] terminology, a Breuil window relative to S → R is a pair
(Q,φ) where Q is a free S-module of finite rank and where φ : Q→ Q(σ) is an S-
linear map with cokernel annihilated by E. For such (Q,φ) there is a unique linear
map ψ : Q(σ) → Q with ψφ = E; the pairs (Q,ψ) are usually called Breuil-Kisin
modules or Kisin modules. The category of B-windows is equivalent to the category
of Breuil windows relative to S → R by the assignment (P,Q, F, F1) 7→ (Q,φ),
where φ is the composition of the inclusionQ→ P with the inverse of F ♯1 : Q(σ) ∼= P ;
see [La3, Lemma 8.2].
Corollary 6.7. If the equivalent conditions of Proposition 6.2 hold, there is an
equivalence of exact categories between p-divisible groups over R and Breuil windows
relative to S→ R.
Proof. This is analogous to [La3, Corollary 8.3], using Corollary 5.4. 
Following [VZ] again, a Breuil module relative to S → R is a triple (M,φ, ψ)
where M is a finitely generated S-module annihilated by a power of p and of
projective dimension at most one, and where φ : M → M (σ) and ψ : M (σ) → M
are S-linear maps with φψ = E and ψφ = E. If R has characteristic zero, such
triples are equivalent to pairs (M,φ) or (M,ψ); see [La3, Lemma 8.6]. Again, the
pairs (M,ψ) are usually called Breuil-Kisin modules or Kisin modules.
Corollary 6.8. If the equivalent conditions of Proposition 6.2 hold, there is an
equivalence of exact categories between commutative finite locally free group schemes
of p-power order over R and Breuil modules relative to S→ R.
Proof. This is analogous to [La3, Theorem 8.5]. 
Example 6.9. Let R = W (k) and S = W (k)[[t]] with σ(t) = tp. Define S → R
by t 7→ p, thus E = p − t. We have κ(E) = p − [p] and thus u = v−1(p − [p]).
Assume that p = 2. Then u = u0, and B → DR is a strict frame homomorphism.
This example has motivated the definition of Dieudonne´ displays for p = 2.
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7. Breuil-Kisin modules and crystals
We keep the notation of section 6 and assume that the equivalent conditions
of Proposition 6.2 hold. Assume that R has characteristic zero. Let S be the p-
adic completion of the divided power envelope of the ideal ES ⊂ S and let I be
the kernel of S → R. Since σ : S → S preserves the ideal (E, p) it extends to
σ : S → S. It is easy to see that σ(I) ⊆ pS, thus σ : S → S is a Frobenius lift
again.
Proposition 7.1. Let (Q,φ) be a Breuil window relative to S → R and let G
be the associated p-divisible group over R; see Corollary 6.7. There is a natural
isomorphism
D(G)S/R ∼= S ⊗S Q(σ)
such that the Hodge filtration of D(G)S/R corresponds to the submodule generated
by φ(Q) + IQ(σ), and the Frobenius of D(G)S/R corresponds to the σ-linear endo-
morphism of Q(σ) defined by x 7→ 1⊗ φ−1(Ex).
In Kisin’s theory (when R is one-dimensional) the analogous result is immediate
from the construction. To prove Proposition 7.1 we consider the frame
S = (S, I, R, σ, σ1)
with σ1(x) = σ(x)/p for x ∈ I. The inclusion S → S is a u-homomorphism of
frames ι : B → S with u = σ(E)/p ∈ S. This element is a unit as required
since the arrow S→ R is mapped surjectively onto W (k)→ k, which gives a local
homomorphism S →W (k) that maps u to 1. Recall that we have frames DR → D+R
when p = 2 and let us write D+R = DR when p ≥ 3. Then we have the following
commutative diagram of frames.
B
ι //
κ

S
κS

DR
// D
+
R
Indeed, sinceW+(R)→ R is a divided power extension of p-adically complete rings,
the ring homomorphism κ : S → W+(R) extends to κS : S → W+(R), which is a
strict frame homomorphism S → D+R . Here κ is crystalline by Theorem 6.6. The
proof of Proposition 7.1 will use the following fact.
Theorem 7.2. The frame homomorphism κS is crystalline.
This is a variant of the main result of [Zi3]. It is easy to see that S is an
admissible topological ring in the sense of Definition 1.2 if and only if r = 1, i.e. if
R is a discrete valuation ring. In that case, the methods of [Zi3] apply directly, but
additional effort is needed to prove Theorem 7.2 in general. The proof is postponed
to the next section.
Proof of Proposition 7.1. Let P0 = (P,Q, F, F1) be the B-window associated to
(Q,φ), thus P = Q(σ), the inclusion map Q → P is φ, and F : P → P is the
σ-linear endomorphism of Q(σ) defined by x 7→ 1 ⊗ φ−1(Ex). By definition we
have ΦR(G) = κ∗(P0), which implies that Φ
+
R(G) = κS∗ι∗(P0); here we use
Theorem 4.9 when p = 2. On the other hand, the frames S and D+R both satisfy
the hypotheses of the beginning of 3.3. Thus Construction 3.16 and Proposition
3.17 applied to G give an S -window P1 with an isomorphism κS∗(P1) ∼= Φ+R(G),
using the characterisation of Φ+R in Theorem 3.19 and Proposition 3.23. Since
the base change functor κS∗ is fully faithful by Theorem 7.2, the isomorphism
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κS∗(P1) ∼= Φ+R(G) ∼= κS∗ι∗(P0) descends to an isomorphism P1 ∼= ι∗(P0), which
proves the proposition. 
7.1. Proof of Theorem 7.2. Let us begin with a closer look on the p-adically
complete ring S. Form ≥ 0 let S<m> ⊆ S be the closure of the S-algebra generated
by Ei/i! for i ≤ pm.
Proposition 7.3. For m ≥ 1 there is a surjective homomorphism of S-algebras
S[[t1, . . . , tm]]→ S<m> defined by ti 7→ Epi/pi!.
In particular, S<m> is a noetherian complete local ring.
Lemma 7.4. Let A be a noetherian complete local ring with a descending sequence
of ideals A ⊇ a0 ⊇ a1 ⊇ · · · . Then A→ lim←−iA/ai is surjective.
Proof. Let m be the maximal ideal of A. For each r, the images of ai → A/mr
stabilise for i→∞ to an ideal a¯r ⊆ A/mr. We have
lim←−
i
A/ai = lim←−
i,r
A/(ai +m
r) = lim←−
r
(A/mr)/a¯r.
Since the ideals a¯r form a surjective system, taking the limit over r of the exact
sequences 0→ a¯r → A/mr → (A/mr)/a¯r → 0 proves the lemma. 
Proof of Proposition 7.3. Since the image of Ep
i
/pi! in S/pnS is nilpotent, there is
a well-defined homomorphism πm,n : S[[t1, . . . , tm]] → S/pnS with ti 7→ Epi/pi!.
By definition, S<m> is the projective limit over n of the image of πn,m. The
proposition follows by Lemma 7.4. 
Let K = W (k) ⊗ Q and SQ = K[[x1, . . . , xr]]. Since σ : S → S preserves the
ideal J = (x1, . . . , xr) it extends to a homomorphism σ : SQ → SQ. For r = 1 it is
easy to describe S and S<m> as explicit subrings of SQ since instead of the divided
powers of E one can take the divided powers of xe1 where e is defined by pR = m
e
R.
For r ≥ 2 the situation is more complicated.
Proposition 7.5. The natural embedding S → SQ extends to an injective homo-
morphism S → SQ that commutes with σ.
Thus S<m> is the image of S[[t1, . . . , tm]]→ SQ as in Proposition 7.3.
Proof of Proposition 7.5. Recall that J = (x1, . . . , xr) as an ideal of S. Choose
E′ ∈ Je with E − E′ ∈ pS such that e is maximal, thus p ∈ meR \ me+1R . Let us
write griE′(S) = E
′iS/E′i+1S etc.
Lemma 7.6. The map of graded rings grE′(S)→ grE′(SQ) is injective.
Proof. It suffices to show that S/E′S → SQ/E′SQ is injective. The choice of E′
implies that the image of E′ in the regular local ringsS/pS and SQ lies in the same
power of the maximal ideals. Therefore the k-dimension of S/(pS + E′S + Jn)
is equal to the K-dimension of SQ/(E
′SQ + J
nSQ). Since the last module is
isomorphic to S/(E′S + Jn) ⊗ Q it follows that S/(E′S + Jn) is a free W (k)-
module and injects into SQ/(E
′SQ + J
nSQ). Since S/E
′S and SQ/E
′SQ are
J-adically complete the lemma follows. 
Let S0 ⊆ SQ be the S-algebra generated by E′i/i! for i ≥ 1, or equivalently
by Ei/i! for i ≥ 1, so S is the p-adic completion of S0. Let S0,n be the image
of S0 → SQ/E′nSQ and let S˜ = lim←−n S0,n. Each S0,n is a noetherian complete
local ring with residue field k and thus a p-adically complete ring. Since S0,n has
no p-torsion it follows that S˜ is p-adically complete. We obtain a homomorphism
S → S˜ ⊆ SQ which extends S0 ⊆ S˜ ⊆ SQ.
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Lemma 7.7. We have S0 ∩ pS˜ = pS0 inside S˜.
Proof. Let x ∈ S0 ∩ pS˜ be given. We have to show that x lies in pS0. Assume that
x 6= 0 and choose an expression (⋆) x = ∑si=0 aiE′ni/ni! with ai ∈ S such that
n0 < . . . < ns. We use induction on ns − n0.
Suppose E′ divides a0 in S. Then a0E
′n0/n0! = a
′
0E
′n′0/(n′0)! with n
′
0 = n0 + 1
and a′0 = n
′
0a0/E
′. If s > 0 this allows to find a new expression of x of the type (⋆)
with smaller value of ns − n0, and we are done by induction. If s = 0 we replace
the expression (⋆) by x = a′0E
′n′0/n′0!; call this a modification of the first type.
Suppose E′ does not divide a0 in S. Lemma 7.6 implies that the image of
x in grn0E′ (SQ) is non-zero. In S0,n0+1 we have x = py. Choose an expression
y =
∑n0
i=ℓ ciE
′i/i! with ci ∈ S such that ℓ is maximal. Then E′ does not divide cℓ
in S, and Lemma 7.6 implies that y has non-zero image in grℓE′(SQ). Thus ℓ = n0.
Using Lemma 7.6 again, it follows that the image of a0 in S/E
′S is divisible by p.
Let a0 = pb0 + b1E
′ with bi ∈ S and let x′ = x− pb0E′n0/n0!. Then x− x′ ∈ pS0;
thus x′ ∈ S0∩pS˜, and we have to show that x′ ∈ pS0. If s > 0 we get an expression
of x′ of the type (⋆) with smaller value of ns − n0, and we are done by induction.
If s = 0 we replace x by x′ and take for (⋆) the expression x′ = a′0E
′n′0/n′0! with
n′0 = n0 + 1 and a
′
0 = n
′
0b1; call this a modification of the second type.
If s > 0 the inductive step is already finished. So we may assume that s = 0. We
successively apply modifications of the first or second type depending on whether
E′ divides a0. After at most p steps, the new value of a0 becomes divisible by p,
and thus x lies in pS0. 
Lemma 7.7 implies that S0/p
nS0 → S˜/pnS˜ is injective, so the projective limit
S → S˜ is injective, and thus S → SQ is injective. In order that this map commutes
with σ it suffices to show that S → SQ/JnSQ commutes with σ for each n; this
is true since S0 → SQ/JnSQ commutes with σ, and the image of this map is
p-adically complete. Thus Proposition 7.5 is proved. 
We turn to the frames associated to the rings S and S<m>.
Lemma 7.8. For m ≥ 1 we have a sub-frame of S = (S, I, R, σ, σ1),
S<m> = (S<m>, I<m>, R, σ, σ1).
Proof. Necessarily I<m> = I ∩ S<m>. We have to show that σ : S → S stabilises
S<m> and that σ1 = p
−1σ : I → S maps I<m> into S<m>. We will show that
σ(S) and σ1(I) are even contained in S<1>. Namely, we have σ(E) = px with x ∈
S[Ep/p]. Thus σ1(E
i/i!) = (p · i!)−1(px)i lies in S[Ep/p], using that 1 + vp(i!) ≤ i
for i ≥ 1. Since I/pnI is the kernel of S/pnS → R/pnR, this ideal is generated
as an S-module by the elements Ei/i! for i ≥ 1. Thus the image of the map
I/pn+1I → S/pnS induced by σ1 lies in the image of S<1>, and it follows that
σ1(I) ⊆ S<1>. Since S = S+ I we get σ(S) ⊆ S<1>. 
Proposition 7.9. For m ≥ 1 the inclusion S<m> → S is crystalline.
Proof. This is a formal consequence of the relations σ(S) ⊆ S<m> and σ1(I) ⊆
S<m> verified in the proof of Lemma 7.8.
Indeed, let P = (P,Q, F, F1) be an S -window. Choose a normal decomposition
P = L ⊕ T , and let Ψ : L ⊕ T → P be the σ-linear isomorphism defined by F1
on L and by F on T . Then P<m> := S<m>Ψ(L⊕ T ) is a free S<m>-module with
S ⊗S<m> P<m> = P . Moreover F1(Q) ⊆ P<m> and F (P ) ⊆ P<m>. Let Q<m> =
Q ∩ P<m>. Then P<m>/Q<m> = P/Q is a projective R-module. Let P<m> =
L<m>⊕T<m> be a normal decomposition and let Ψ<m> : L<m>⊕T<m> → P<m>
be the σ-linear map defined by F1 on L<m> and by F on T<m>. In order that the
quadruple P<m> = (P<m>, Q<m>, F, F1) is an S<m>-window with base change
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P we need that the determinant of Ψ<m> is invertible. But the determinant of
Ψ<m> becomes invertible in S because P is a window, and S<m> → S is a local
homomorphism. Thus the base change functor from S<m>-windows to S -windows
is essentially surjective.
In order that the functor is fully faithful it suffices to show that it induces a bijec-
tion End(P<m>)→ End(P). Clearly the map is injective. We have to show that
every h ∈ End(P) stabilises P<m>. But h(F1(Q)) = F1(h(Q)) ⊆ F1(Q) ⊆ P<m>,
and F1(Q) generates P<m> as an S<m>-module. This proves the proposition. 
Proposition 7.10. For m ≥ 1 the composition S<m> → S κS−−→ D+R is crystalline.
This is the main step in the proof of Theorem 7.2. The proof of Proposition 7.10
is a variant of the proof of Theorem 6.6.
Proof. We choose e such that p ∈ meR \ me+1R and consider the index set N =
{1, 2, . . .}∪{e+}, ordered by the natural order of Z and e < e+ < e+1. For n ∈ N
let n+ ∈ N be its successor. Let me+R = me+1R + pR. For n ∈ N let Rn = R/mnR.
We equip the ideal mnR/m
n+
R of Rn+ with the trivial divided powers if n 6= e+ and
with the canonical divided powers of p if n = e+; these are again trivial if p is odd.
In all cases the divided powers are compatible with the canonical divided powers
of p, and we obtain frames
D
+
Rn+/Rn
= (W+(Rn+), I
+
Rn+/Rn
, Rn, f, f˜1).
Let Tn be the image of S<m>
κS−−→ W+(R) → W+(Rn). Since κSσ = fκS , the
ring Tn is stable under f . Let Kn be the kernel of Tn → Rn and let K˜n be the
kernel of Tn+ → Rn.
We claim that f˜1(K˜n) ⊆ Tn+.
To prove this, let Mn be the kernel of S<m> → Rn, so K˜n is the image of
Mn → W+(Rn+). Since κSσ = fκS and since f1 is f -linear it suffices to show
that a set of generators xi of the ideal Mn with images κS(xi) = x¯i ∈ K˜n satisfies
f1(x¯i) ∈ Tn+. Since mR = JR, for n 6= e+ the ideal Mn is generated by I<m> and
Jn, while Me+ is generated by I<m> and J
e+1 and p. We check these generators
case by case.
First, for x ∈ I<m> we have f1(x¯) ∈ Tn+ because S<m> → D+Rn+ is a frame
homomorphism.
Assume that n 6= e+. The homomorphism δ : Jn/Jn+1 →W (Jn/Jn+1) is given
by δ(x) = (x, σ1(x), (σ1)
2(x), . . .). Indeed, applying the Witt polynomial wn to
this equation gives σn(x) = pn(σ1)
n(x), which is true. Since the divided powers
on mnR/m
n+
R are trivial, the endomorphism f˜1 of W (m
n
R/m
n+
R ) is given by a shift to
the left. Thus the map κS : J
n/Jn+1 → W (mnR/mn+R ) satisfies κSσ1 = f˜1κS , and
we see that f1(x¯) ∈ Tn+ for x ∈ Jn.
Assume now that n = e+. Since Je+1 maps to zero in W (Re+1) it remains to
show that f˜1(p) ∈ Tn+. Now Log(p − v(1)) = [p, 0, 0, . . .]; cf. the proof of Lemma
1.9. Thus f˜1(p) = f1(v(1)) = 1, and the claim is proved.
We obtain frames
Tn = (Tn,Kn, Rn, f, f1),
Tn+/n = (Tn+, K˜n, Rn, f, f˜1),
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and a commutative diagram of frames with strict homomorphisms:
Tn+
ψ′
//
ιn+

Tn+/n
π′ //

Tn
ιn

D
+
Rn+
ψ
// D
+
Rn+/Rn
π // D
+
Rn
Here π is crystalline because the hypotheses of Theorem 2.2 are satisfied; see
the proof of Corollary 2.9. Since the vertical arrows are injective, it follows that π′
satisfies the hypotheses of Theorem 2.2 as well, thus π′ is crystalline. Moreover lifts
of windows under ψ and under ψ′ correspond to lifts of the Hodge filtration from
Rn to Rn+ in the same way. Since ι1 is bijective, it follows that ιn is crystalline for
each n. Consider the limit frame
T = lim←−
n
Tn = (T,K,R, f, f1).
The inclusion ι : T → D+R is the projective limit over n of ιn and thus crystalline.
Since S<m> is noetherian by Proposition 7.3, Lemma 7.4 implies that T = lim←−n Tn
is the image of κS : S<m> → W+(R). If κS is injective, we get S<m> = T , so
S<m> → D+R is crystalline as required.
Since we have not proved that κS is injective we need an extra argument. Let
a be the kernel of κS : S<m> → W+(R) and let an = a ∩ JnSQ for n ≥ 1;
here we use that S is a subring of SQ by Proposition 7.5. We have a = a1. The
ideals an of S<m> are stable under σ, and they are also stable under σ1 since
S<m>/a and an/an+1 have no p-torsion. Thus we can define frames S<m>,n =
(S<m>/an, I<m>/an, R, σ, σ1). We have S<m>,1 = T , and the projective limit
over n of S<m>,n is isomorphic to S<m> by Lemma 7.4 and Proposition 7.5. The
ideal an/an+1 is a finitely generated W (k)-submodule of (J
n/Jn+1) ⊗ Q. Since
the conditions of Proposition 6.2 are satisfied, the endomorphism σ1 of an/an+1
is p-adically nilpotent. Thus S<m>,n+1 → S<m>,n is crystalline; see the proof of
[La3, Theorem 9.3]. It follows that S<m> → T is crystalline, so S<m> → D+R is
crystalline too. 
Theorem 7.2 follows from Propositions 7.9 and 7.10. 
Remark 7.11. Assume that r = 1, i.e. R is a discrete valuation ring. If pR = meR,
the ring S is the p-adic completion ofW (k)[[t]][{tem/m!}m≥1]. It is easy to see that
each quotient S/pnS is admissible, so the p-adically complete ring S is an admissible
topological ring. In particular, W+(S) is defined. Since we assumed that the image
of δ : S → W (S) lies in W(S), it follows that the image of δ : S → W (S)
lies in W+(S), using that W+(S)→ R is the projective limit of the divided power
extensionsW+(S/pnS)→ R/pnR and that eachW+(S/pnS) is p-adically complete.
If p is odd this means that S is a Dieudonne´ frame in the sense of [Zi3, Definition
3.1], and Theorem 7.2 becomes a special case of [Zi3, Theorem 3.2]. For p = 2 the
proof of loc.cit. works as well. The starting point is the construction of an inverse
functor of κS∗; it maps a D
+
R -window P to the value of its crystal D
+(P)S/R,
equipped with an appropriate S -window structure.
If r ≥ 2, the ring S is not admissible and thus the crystal of a D+R -window can
not be evaluated at S/R. However, one can define by hand a sub-frame D+S/R of
WS/R such that D
+
S/R → D+R is crystalline. This allows to evaluate the crystal
at S/R and to define an inverse functor of κS∗ as before. The underlying ring
of D+S/R is defined as follows. Let Sm,n be the image of S<m> → S/pnS and let
Im,n be the kernel of Sm,n → R/pnR. The divided Witt polynomials define an
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isomorphism Log : W (I/pnI) ∼= (I/pnI)N, and our ring is lim←−n lim−→m of the rings
W+(S0,n) + Log
−1((Im,n)
<N>). The lim←−n of these rings for fixed m ≥ 1 gives a
frame D+S<m>/R with a crystalline homomorphism to D
+
R . This allows to construct
the inverse functor from D+R -windows to S<m>-windows. We leave out the details.
8. Rigidity of p-divisible groups
In this section we record a rigidity property of the category of p-divisible groups
that will be used in Section 9. As a preparation, for a local ring R we consider the
additive category FR of commutative finite locally free p-group schemes overR. It is
known that FR is equivalent to the full subcategory of the bounded derived category
of the exact category of p-divisible groups over R formed by the complexes of length
one which are isogenies; cf. [Ki1, (2.3.5)]. In elementary terms this equivalence can
be expressed as follows.
Proposition 8.1. For a local ring R let IR be the category with isogenies of p-
divisible groups over R as objects and homomorphisms of complexes modulo homo-
topy as homomorphisms. The set S of quasi-isomorphisms in IR allows a calculus
of right fractions. In particular, the localised category S−1IR is additive. It is
equivalent to the additive category FR.
For completeness let us prove this directly.
Proof. Let I˜R be the category with isogenies of p-divisible groups over R as objects
and homomorphisms of complexes as homomorphisms. We denote isogenies by
X = [X0 → X1]. Let h0(X) be the kernel of X0 → X1. A homomorphism
f : X → Y in I˜R is homotopic to zero if and only if h0(f) is the zero map; the
homotopy is unique if it exists. We claim:
(⋆) For each homomorphism f : X → Y in I˜R one can find a quasi-isomorphism
t : Z → X in I˜R and a homomorphism g : Z → Y in I˜R which is an epimorphism
in both components such that ft is homotopic to g. Namely, embed h0(X) into
Z0 = X0⊕Y 0 by (1, f) and put Z1 = Z0/h0(X). Define t and g by the projections
Z0 → X0 and Z0 → Y 0. There is a homotopy between ft and g because ft = g on
h0(Z), and (⋆) is proved.
Next, for given homomorphisms X
f−→ Y s←− Y ′ in I˜R, where s is a quasi-iso-
morphism, one can find an isogeny X ′ with a homomorphism g : X ′ → Y ′ and a
quasi-isomorphism t : X ′ → X such that ft is homotopic to sg. Indeed, by (⋆) we
can assume that the components of f are epimorphisms. Then take X ′ = X ×Y Y ′
componentwise. It follows easily that S allows a calculus of right fractions. We
have an additive functor h0 : S−1I → F . It is surjective on isomorphism classes by
a theorem of Raynaud [BBM, Th. 3.1.1]. Let X and Y be isogenies. The functor
h0 is full because for a given homomorphism f0 : h
0(X)→ h0(Y ), the construction
in (⋆) allows to represent f0 as h
0(gt−1). The functor is faithful because if a right
fraction gt−1 : X → Y induces zero on h0 then g induces zero on h0 and thus g is
homotopic to zero. 
Let (Art) be the category of local Artin schemes with perfect residue field of
characteristic p, and let (p-div) → (Art) be the fibered category of p-divisible
groups over schemes in (Art).
Lemma 8.2. Assume that u is an exact automorphism of the fibered category
(p-div) over (Art) such that for the group E = Qp/Zp over SpecFp there is an
isomorphism u(E) ∼= E. Then u is isomorphic to the identity functor.
Proof. For each U in (Art) we are given a functor G 7→ Gu from the category of p-
divisible groups over U to itself, which preserves short exact sequences, compatible
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with base change in U , such that Hom(G,H) ∼= Hom(Gu, Hu). We have to show
that there is an natural isomorphism Gu ∼= G for all G, compatible with base
change in U . Let (p-fin) → (Art) be the fibered category of commutative finite
locally free p-group schemes over schemes in (Art). By Proposition 8.1, u induces
an automorphism of (p-fin) over (Art). Let H ∈ (p-fin) over U ∈ (Art) be given.
Assume that pn annihilates H and Hu. For each T → U in (Art) there is a natural
isomorphism
H(T ) ∼= HomT (Z/pnZ, HT ) ∼= HomT (Z/pnZ, HuT ) ∼= Hu(T ),
using that (Z/pnZ)u ∼= Z/pnZ. Since commutative finite locally free group schemes
over U form a full subcategory of the category of abelian presheaves on (Art)/U , we
get a natural isomorphism H ∼= Hu, which induces a natural isomorphism G ∼= Gu
for all p-divisible groups G over U . 
9. The reverse functor
We fix an admissible ring R which is local of dimension zero, thus k = Rred is a
perfect field of characteristic p. In this case one can write down an inverse of the
functor ΦR as follows. The construction appears in [La2] when p ≥ 3 or pR = 0
and extends to the general case with appropriate changes.
Definition 9.1. Let JR be the category of R-algebras A such that NA is bounded
nilpotent and Ared is the union of finite dimensional k-algebras.
We call a ring homomorphism A → B ind-e´tale if B is the filtered direct limit
of e´tale A-algebras.
Lemma 9.2. Every A ∈ JR is admissible. The category JR is stable under tensor
products. If A → B is an ind-e´tale or a quasi-finite ring homomorphism with
A ∈ JR then B ∈ JR.
Proof. Since a reduced finite k-algebra is e´tale and thus perfect, every A in JR
is admissible. Let A → B a ring homomorphism with A ∈ JR. Then NAB is
bounded nilpotent, so B is lies in JR if and only if B/NAB lies in JR. For given
homomorphisms B ← A→ C in JR we have to show that B ⊗A C lies in JR. By
the preceding remark we may assume that A,B,C are reduced. Then B⊗AC is the
direct limit of e´tale k-algebras and thus lies in JR. Let g : A→ B be an ind-e´tale
or quasi-finite ring homomorphism with A ∈ JR. In order to show that B ∈ JR
we may assume that A is reduced. Then every finitely generated k-subalgebra of
A is e´tale. Thus each e´tale A-algebra is defined over an e´tale k-subalgebra of A. If
g is ind-e´tale it follows that B lies in JR. Assume that g is quasi-finite. Then B
is defined over an e´tale k-subalgebra of A. Since all finite k-algebras lie in JR and
since JR is stable under tensor products it follows that B ∈ JR. 
Let S = SpecR and let JS be the category of affine S-schemes SpecA with
A ∈ JR. If τ is either ind-e´tale or fpqc, we consider the τ -topology on JS in
which coverings are finite families of morphisms (SpecBi → SpecA) such that
the associated homomorphism A → ∏iBi is faithfully flat, and ind-e´tale if τ is
ind-e´tale. Let S˜J ,τ be the category of τ -sheaves on JS .
Lemma 9.3. The presheaf of rings W on JS is an fpqc sheaf.
Proof. See [La2, Lemma 1.5]. Since the presheaf W is an fpqc sheaf, it suffices to
show that for an injective ring homomorphism A → B in JR we have W(A) =
W(B) ∩W (A) in W (B). This is easily verified using that Ared → Bred is injective
and Wˆ (NA) = Wˆ (NB) ∩W (A) in W (NB). 
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LetP be a Dieudonne´ display overR. For SpecA in JS letPA = (PA, QA, F, F1)
be the base change of P to A. We define two complexes Z(P) and Z ′(P) of
presheaves of abelian groups on JS by
Z(P)(SpecA) = [QA
F1−1−−−→ PA],(9.1)
Z ′(P)(SpecA) = [QA
F1−1−−−→ PA]⊗ [Z→ Z[1/p]],(9.2)
such that Z(P) lies in degrees 0, 1 and Z ′(P) lies in degrees −1, 0, 1, so the second
tensor factor lies in degrees −1, 0.
Proposition 9.4. The components of Z ′(P) are fpqc sheaves on JS . The ind-
e´tale (and thus the fpqc) cohomology sheaves of Z ′(P) vanish outside degree zero,
and the cohomology sheaf in degree zero is represented by a well-defined p-divisible
group BTR(P) over R. This defines an additive and exact functor
BTR : (Dieudonne´ displays over R)→ (p-divisible groups over R).
One can also express the definition of the functor BTR by the formula
BTR(P) = [Q
F1−1−−−→ P ]⊗L Qp/Zp
in the derived category of either ind-e´tale or fpqc abelian sheaves on JS .
Proof. This is essentially proved in [La2], but we recall the arguments for com-
pleteness and because there is a small modification when p = 2. To begin with,
p-divisible groups over R form a full subcategory of the abelian presheaves on JS
because finite group schemes over R lie in JS ; see Lemma 9.2. Hence BTR is a
well-defined additive functor if the assertions on the cohomology of Z ′(P) hold.
Since an exact sequence of Dieudonne´ displays over R induces an exact sequence of
the associated complexes of presheaves Z ′, the functor BTR is exact if it is defined.
The components of Z(P) and Z ′(P) are fpqc sheaves on JS by Lemma 9.3.
These complexes carry two filtrations. First, a Dieudonne´ display is called e´tale
if Q = P , and nilpotent if V ♯ is topologically nilpotent. Every Dieudonne´ display
over R is naturally an extension of an e´tale by a nilpotent Dieudonne´ display, which
induces exact sequences of the associated complexes Z(. . .) and Z ′(. . .). Thus we
may assume that P is e´tale or nilpotent. Second, for every P we have an exact
sequence of complexes of presheaves
0→ Zˆ(P)→ Z(P)→ Zred(P)→ 0,
defined by Zred(P)(SpecA) = Z(P)(SpecAred). The same holds for Z
′ instead of
Z. We write Zˆ(P) = [Qˆ→ Pˆ ].
Assume that P is e´tale. Then F1 : P → P is an f -linear isomorphism. Thus F1 :
Pˆ → Pˆ is elementwise nilpotent, and the complex Zˆ(P) is acyclic. It follows that
Z(P) is quasi-isomorphic to the complex Zred(P) = Zred, which is the projective
limit of the complexes Zred,n = Zred/p
nZred. In the e´tale topology, each Zred,n is
a surjective homomorphism of sheaves whose kernel is a locally constant sheaf Gn
of free Z/pnZ-modules of rank equal to the rank of P . The system (Gn)n defines
an e´tale p-divisible group G over R, and Zred is quasi-isomorphic to TpG = lim←−Gn
as ind-e´tale sheaves. It follows that Z ′(P) ≃ Z ′red(P) is quasi-isomorphic to the
complex [TpG→ TpG⊗Z[1/p]] in degrees −1, 0, which is quasi-isomorphic to G in
degree zero (as ind-e´tale sheaves).
Assume that P is nilpotent. Then the complex Zred(P) is acyclic because its
value over SpecA is isomorphic to [1−V : PAred → PAred ] where V is a topologically
nilpotent f−1-linear homomorphism. Thus Z(P) is quasi-isomorphic to Zˆ(P ). To
P we associate a nilpotent display by the u0-homomorphism of frames DR → WR.
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By [Zi1, Theorem 81 and Corollary 89] there is a formal p-divisible group G over
R associated to this display such that for each A ∈ JR there is an exact sequence
0→ Qˆ(A) u0F1−1−−−−−→ Pˆ (A)→ G(A)→ 0;
this is the direct limit of the corresponding sequences for the finitely generated
(nilpotent) subalgebras of NA. Since u0 ∈ W (Zp) maps to 1 in W (Fp), there is a
unique c ∈ W (Zp) which maps to 1 in W (Fp) such that u0 = cf(c−1), namely c =
u0f(u0)f
2(u0) · · · . Multiplication by c in both components defines an isomorphism
of complexes
[Qˆ(A)
F1−1−−−→ Pˆ (A)] ∼= [Qˆ(A) u0F1−1−−−−−→ Pˆ (A)]
It follows that Z ′(P) ≃ Zˆ ′(P) is quasi-isomorphic to G in degree zero. 
Remark 9.5. Recall that DR = (W(R), IR, f, f1) is viewed as a Dieudonne´ display
over R. We have BTR(DR) = µp∞ by [Zi1, (211)].
Lemma 9.6. Let R → R′ be a homomorphism of admissible rings which are lo-
cal of dimension zero. For each Dieudonne´ display P over R there is a natural
isomorphism
BTR(P)R′ ∼= BTR′(PR′).
Proof. If the residue field of R′ is an algebraic extension of k, every ring in JR′ lies
in JR, and the assertion follows directly from the construction of BTR. In general,
let ER be the category of all R-algebras which are admissible rings, and let ES be
the category of affine S-schemes SpecA with A ∈ ER, endowed with the ind-e´tale
topology. The complexes of presheaves Z(P) and Z ′(P) on JS defined in (9.1)
and (9.2) extend to complexes of presheaves on ES defined by the same formulas.
The proof of Lemma 9.2 shows that for an ind-e´tale ring homomorphism A → B
with A ∈ ER we have B ∈ ER as well. Using this, the proof of Proposition 9.4
shows that the ind-e´tale cohomology sheaves of Z ′(P) on ES vanish outside degree
zero, and H0(Z ′(P)) is naturally isomorphic to BTR(P) as a sheaf on ES. Since
every ring in ER′ lies in ER, the lemma follows as in the first case. 
Proposition 9.7. The functor BTR is an equivalence of exact categories which is
a quasi-inverse of the functor ΦR.
Proof. By 3.1 we may assume that R is a local Artin ring. Since p-divisible groups
and Dieudonne´ displays over k have universal deformation rings which are power
series rings over W (k), once the functor BTR is defined, in order to show that it is
an equivalence of categories it suffices to consider the cases R = k and R = k[ε].
In particular, if p = 2, we may assume that pR = 0, so that the results of [Zi2]
and [La2] can be applied. The category CR used in [La2] is the category of all
A ∈ JR such that NA is nilpotent. Since this subcategory is stable under ind-e´tale
extensions, it does not make a difference whether the functor BTR is defined in
terms of CR or JR. Thus BTR is an equivalence by [La2, Theorem 1.7], which relies
on the equivalence proved in [Zi2]. It is easily verified that BTR(ΦR(Qp/Zp)) is
isomorphic to Qp/Zp. Thus BTR is a quasi-inverse of ΦR by Lemmas 8.2 and 9.6. It
is easily verified that the functors BTR and ΦR preserve short exact sequences. 
Appendix A. PD envelopes of regular immersions
This section provides a reference for the flatness of the divided power envelope
of a regular immersion, which is used in the proof of Lemma 1.13. Let us recall
regular immersions following [SGA6, VII]. For a ring A, a projective A-Module M
of finite type, and a linear map f :M → A one defines the Koszul complex
K∗(A, f) = [. . .→ Λ2M → Λ1M → A]
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with differential given by x1 ∧ . . . ∧ xn 7→
∑
(−1)i+1f(xi)x1 ∧ . . . x̂i . . . ∧ xn. Let
I = f(M) ⊆ A. One calls f regular if the augmentationK∗(A, f)→ A/I is a quasi-
isomorphism. If x1, . . . , xr is a regular sequence in A and f : A
r → A is given by
f(a) =
∑
aixi, then f is regular in the previous sense. For a ring homomorphism
A→ A′ let f ′ :M ′ → A′ be the scalar extension of f , and let I ′ = f ′(M ′). If both
f and f ′ are regular, then TorAi (A/I,A
′) = 0 for i ≥ 1 and thus I ′ = I ⊗A A′. A
closed immersion of schemes Y → X is called regular if locally in X it takes the
form SpecA/I → SpecA where I = f(M) for a regular homomorphism f :M → A.
Proposition A.1. Let S be a scheme and i : Y → X a regular closed immersion
of flat S-schemes. Then the divided power envelope DX(Y ) is flat over S.
Under additional hypotheses this is proved in [BBM, Le. 2.3.3]. We use the
following description of the divided power polynomial algebra.
Lemma A.2. For a ring R let A0 = R[T1, . . . , Tn] and let B0 = R 〈T1, . . . , Tn〉
be the divided power envelope of I0 = (T1, . . . , Tn) ⊆ A0. Then one can write
B0 = lim−→rM0,r as an A0-module, the direct limit taken over r ∈ N ordered multi-
plicatively, such that there are exact sequences of A0-modules
0→ J0,r →M0,r → N0,r → 0
with J0,r = (T
r
1 , . . . , T
r
n) and where N0,r has a finite filtration with quotients iso-
morphic to A0/I0 = R.
Proof. The assertion is stable under base change in R, so we may take R = Z. Then
B0 is the A0-subalgebra of A0⊗Q generated by all Tmi /m!. Let M0,r = B0∩r−1A0
inside A0 ⊗Q. Then r−1J0,r is contained in M0,r, and the quotient N0,r coincides
with the image of M0,r in (A0/J0,r) ⊗ Q. Any maximal filtration of the latter by
monomial ideals gives the required filtration of N0,r. 
Proof of Proposition A.1. We may assume that S = SpecR and X = SpecA and
Y = SpecA/I where I is the image of a regular map f : Ar → A. We have
f(a) =
∑
aixi for a sequence x1, . . . , xr in A. Let A0 = Z[T1, . . . , Tn] andM0 = A
n
0
with f0 : M0 → A0 given by a 7→
∑
aiTi. Let I0 = f0(M0). We consider the
homomorphism A0 → A defined by Ti 7→ xi. Let B = DA(I) and B0 = DA0(I0) be
the divided power envelopes. Since f and f0 are regular we have I = I0 ⊗A A0. As
in [Be, (3.4.8)] it follows that B = B0⊗A0 A. Using Lemma A.2 we get B = lim−→Mr
with Mr = M0,r ⊗A0 A. Moreover, since TorA01 (A0/I0, A) = 0, we obtain exact
sequences of A-modules
0→ Jr →Mr → Nr → 0
with Jr = J0,r ⊗A0 A and Nr = N0,r ⊗A0 A, and we obtain filtrations of Nr with
quotients isomorphic to A/I. Similarly there are exact sequences of A-modules
0→ Jr → A→ A/Jr → 0
and filtrations of A/Jr with quotients isomorphic to A/I. Since A and A/I are flat
over R, it follows that Jr and Mr and B are flat over R. 
We will use the following example of regular immersions.
Lemma A.3. For a ring R and a projective R-module T of finite type we consider
the complete symmetric algebra A = R[[T ]] =
∏
n≥0 Sym
n
R(T ) and M = T ⊗R A.
Then the homomorphism f :M → A given by t⊗ a 7→ ta is regular.
Proof. The complex K∗(M, f) is the direct product over m ≥ 0 of complexes K(m)∗
with K
(m)
n = ΛnT ⊗R Symm−n(T ), using the convention Symr(T ) = 0 for r < 0.
Since the complexes K
(m)
∗ are compatible with base change in R, the general case
can be reduced to the case where T is free. Then an R-basis of T is a regular
sequence in A, and the assertion follows. 
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